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FOREWORD 
On 22-24 June 1970, a  GEOS Program Review Meeting was 
h e l d  a t  t h e  NASA Goddard Space F l i g h t  Center  i n  Greenbe l t ,  
Maryland. The purpose of t h e  meeting was t o  review t h e  results 
obta ined  from t h e  GEOS-l and GEOS-2 s p a c e c r a f t .  GEOS-1 was laucched 
on 6 November 1965 and GEOS-2 was launched on January 11, 1 9 6 8 ,  
A t  a  previous  GEOS Program Review Meeting h e l d  a t  NPSA 
Headquarters on 12-14 December 1967, t h e  r e s u l t s  ob ta ined  f r o m  
WOS-9 a s  of t h a t  d a t e  w e r e  p r e sen ted  and publ i shed  i n  t h e  
proceedings  da t ed  March 1968. The r e s u l t s  p re sen ted  h e r e i n  a re  
those  ob ta ined  subsequent  t o  t h a t  meeting and inc lude  those 
obta ined  from GEOS-2.  
The proceedings of t h i s  l a t t e r  meeting a r e  publ ished i n  
fou r  volumes. The volumes a r e  e n t i t l e d :  
Volume I - Gravimetr ic  and Geometric I n v e s t i g a t i o n s  w i t k t  
GEOS-1 and GEOS-2, 
Volume I1 - Tracking System Intercomparisons  w i t h  GEOS-2 
Volume I11 - LASER and RADAR I n v e s t i g a t i o n s  
Volume I V  - General  
This  volume (Volume I) i s  d iv ided  i n t o  two s e c t i o n s .  The 
f i r s t  s e e t i o n  con ta ins  t h e  g r a v i m e t r i c  i n v e s t i g a t i o n s  and section 
two con ta ins  geometr ic  i n v e s t i g a t i o n s .  
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INTRODUCTION 
Geodetic S a t e l l i t e  Data Service  
Reduced Data Received and Processed 
as of 
June 15, 1970  
J . Johns 
Goddard Space F l i g h t  Center 
SATELLITE 
NAME 
ECHO - 1 
ECHO - 2 
BE-B o r  
Exp lore r -22  
BE-C o r  
Exp lore r -27  
GEOS-1 o r  
E x p l o r e r -  29 
PAGEOS - 1 
D l - C  o r  
DIADEME- 1 
D l - D  o r  
DIADEME- 2 
GEODETIC SATELLITE DATA SERVICE 
INTERNATIONAL 
DESIGNATION 
LAUNCH 
DATE 
-
August 12,  1960 
J a n u a r y  25, 1964 
October  9 ,  1964  
A p r i l  29, 1965 
November 6 ,  1965 
J u n e  23,  1966 
February  8 ,  1967 
F e b r u a r y  15,  1967 
J a n u a r y  11, 1968 
G E O D E T I C  S A T E L L I T E  DATA S E R V I C E  
REDUCED DATA RECEIVED AND PROCESSED 
A S  OF  
J u n e  15, 1970 
ECHO - 1 
N ETWO XK OBSERVATIONS P A S S E S  ' P E R I O D  COVERED 
US Coast & Geodetic 
Survey (Optical) 865 2 Feb. 1, 1967 - Feb. 1, 1967 
US Coast & Geodetic 
S u n e y  (Optical) 
SAO (Laser) 
NASA blaser) 
US Navy (Doppler) 
SAB " iser )  
NASA (Laser) 
US Navy (D~ppler) 
ECHO - 2 
8 24 4 D e c .  15, 1966 - Jan. 17, 1967 
BE- B 
-
98 3 1 Mar. 10, 1966 - June 26, 1967 
342 2 May 12, 1967 - May 13, 1967 
26,957 1,635 Nov. 11, 1964 - Mar. 30, 1965 
BE- C 
-
661 161 
1,900 7 
73,108 4,102 
J a n .  25, 1966 - June 24, 1967 
Apr. 3, 1967 - Apr. 26, 1967 
May 2, 1965 - Feb. 24, 1966 
GEODGTIC SATELLITE DATA SERVICE 
NETWORK 
SAO (Opt ica l  1 11,371 1,701 . Nov. 8, 1965 - Nov, 29, 1966 
NASA (Minitrack Opt ica l  . , 
Tracking System) 22,746 2,180 Nov. 18, 1965 - Nav, 24, 1966 
US A i r  Force (Op t i ca l )  1,101 164 Dec. 28, 1965 - Nov, 20, 1966 
US A i r  Force (Op t i ca l )  
(Specia l  Pre-Processing)  1,382 213 Nov. 25, 1966 - Nov, 30, 1966 
U s  Coast & Geodetic 
Survey (Op t i ca l )  130 19 Nov. 28, 1965 - J u l y  27, 1966 
201 , '  I n t e r n a t i o n a l  (Op t i ca l )  1,803 Dec. 8, 1965 - Nov, 21, 1966 
US Navy (Doppler) 664,204 19,087 Nov. 14, 1965 - Dee, 17, 1967 
NASA (Range & Range 
Rate) 42,417 1,308 Nov. 17, 1965 - Nov, 28 ,  1966 
NASA (Minitrack)  14,291 9,525 Nov. 6,  1965 - J a n ,  14, 1967 
# 
SAO (Laser )  
NASA (Loser)  
7% . 140 Jan.  27, 1966 - J u n e  24, 1967 
4,849 19 Apr. 11, 1966 - Nov, 21, 1966 
5,602 8 Apr. 23, 1969 - k y  30, 1969 
GEODETIC SATELLITE DATA SERVICE 
NETWORK 
PAGEOS- 1 ! 
OBSERVATIONS PASSES PERIOD COVERED 
US Coast & Geodetic 
Survey IOptical) 70,743 244 July 20, 1966 - Mar. 31, 1967 
US Air Force (Optical) 
(Special Pre-Processing) 212 30 S e p t .  20, 1967 - J a n .  8, 1969 
SAO (Laser1 
NASA (Laser) 
S6a63 (Laser1 
NASA (Laser) 
Feb. 17, 1967 - J u n e  29, 1967 
Apr. 23, 1967 - May 10, 1967 
Mar. 9, 1967 - J u n e  2, 1967 
May 10, 1967 - May 27, 1967 
GEODETIC SATELLITE DATA SERVICE 
GEOS- 2 
NETWORK OBSERVATIONS ' PASSES PERIOD COVERED 
SAO ( O p t i c a l )  8 ,901  9 30 , Feb. 20, 1968 - Mar, 20,  1969 
NASA ( M i n i t r a c k  O p t i c a l  L 
Track ing  System) 8 ,314  973 Feb. 21, 1968 - Dec, 3 ,  1968 
US A i r  F o r c e  ( O p t i c a l )  2 1 3 Oct.  7 ,  1968 - Dec, 7 ,  1968 
US A i r  F o r c e  ( O p t i c a l )  
( S p e c i a l  P r e - P r o c e s s i n g )  5 4  8 Mar. 28, 1968 - J a n ,  8, 1964 
I n t e r n a t i o n a l  ( O p t i c a l )  6,699 75 2 Feb.  20, 1968 - Jan, 7 ,  1970 
AMS ( S e c o r )  11,359 88 Apr. 1, 1968 - J u n e  29, 8966 
US Navy (Doppler)  86,296 3,110 J a n .  11, 1968 - Dec. 30, 1968 
SAO ( L a s e r )  236 6 6 Oct. 1, 1969 - Jan, 5, 1970 
NASA ( L a s e r )  144,547 322 Feb. 7 ,  1968 - b y  14, 1970 
SAO ( O p t i c a l )  363 
NASA ( M i n i t r a c k  O p t i c a l  
Track ing  System) 9 ,160 
NASA (Range & Range 
Ra te )  278,462 
SAO ( L a s e r )  388 
PROCESSING 
355 Oct.  6 ,  1969 - Jan, 31, 1970 
994 Feb. 21, 1968 - June 28,  1969 
F:b. 21, 1968 - Sept, 30, 1968 
Sept .  2 ,  1969 - Jan, 31, 1970 
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1969 SMITHSONLAN STANDARD EARTH AND GLOBAL TECTONICS 
E. M. Gaposchkin, W. M.  Kaula, and K.  Lambeck  
ABSTRACT 
Geodetic p a r a m e t e r s  descr ibing the e a r t h ' s  gravi ty  field and the  positions 
of sa te l l i te- t racking s ta t ions  in a geocentr ic  r e f e r ence  f r a m e  have been com- 
puted. These  p a r a m e t e r s  were  es t imated  f r o m  a combination of four  different 
types  of data  - routine and s imul taneous sa te l l i te  observat ions ,  observations 
of deep-space probes ,  and sur face  g rav imet ry .  
The global gravi ty  field i s  represen ted  by spher ica l  ha rmon ic s  complete 
t o  degree  and o r d e r  16, plus a number  of coefficients t o  which sa te l l i t e s  are  
sensi t ive ,  a resolut ion of about 11 " o r  1200 krn. 
The accu racy  i s  es tabl ished p r i m a r i l y  by in tercomparison.  The  coor-  
d inates  of 12 fundamental  stat ions a r e  known t o  f l O  m o r  bet ter ,  and those  of 
39 s ta t ions  ( o r  groups  of collocated s ta t ions)  a r e  known to  f2O m o r  bet ter .  
The  accu racy  of the  global f ield i s  f 3  m in  geoid height, o r  k9 mgal. 
Th i s  solution l e ads  t o  a new unders tanding of global tec tonics  and 
geodynamics.  It shows ocean r i s e s ,  a s  well a s  t r ench  and island a r c s ,  a s  
m a s s  e x c e s s e s .  Ocean basins,  a r e a s  of recen t  glaciation, and the Asiam 
portion of the  Alpide belt a r e  m a s s  deficiencies.  Most f ea tu r e s  appear  t o  be 
the  r e su l t  of varying behavior of t he  l i thosphere  in r e sponse  t o  ast l lenospheric 
flow. 
INTRODUCTION 
An or iginal  objective of space sc ience was t he  improvement  of geodetic 
p a r a m e t e r s  "to t i e  together  the observing s ta t ions  and the cen te r  of the geoid 
t o  a p rec i s ion  of the o r d e r  of 10 m ,  . . . t o  add appreciably  t o  knowledge of 
the  density dis t r ibut ion in the  ea r th ,  pa r t i cu la r ly  in the c ru s t a l  volumes" 
Th i s  work was  supported in p a r t  by g r an t s  NGR 09-015-002 f r o m  the National  
Aeronaut ics  and Space Adminis t ra t ion and GA- 10963 f r o m  the National  Science 
Foundation.  
(Whipple and Hynek, 1 958). Th i s  objective h a s  been achieved and surpassed ,  
as  demons t ra ted  in 1966 with t he  publication by t he  Smiths  onian Astrophysical  
Observa tory  (SAO) of numer i ca l  p a r a m e t e r s  f o r  the  e a r t h ' s  gravi ty  field and 
the coordinate s of sa te l l i t e - t rack ing  s ta t ions  (Capos chkin, 1967; I<8hnlein, 
1 957a; Veis, 196 7a, b; Whipple, 1967; Lundquist and Veis, 1966). 
Four things we re  apparent  in light of the  1966 resu l t s :  1 )  f u r the r  work 
would be valuable,  2 )  both addit ional  and other kinds of data  could be profitably 
iulcorporated, 3) new observing techniques  such a s  l a s e r  t rack ing  would be 
important, and 4 )  o ther  d isc ipl ines  such a s  sol id-ear th  geophysics and 
oceanography could be well  s e rved  by what had previously been a wholly 
geodetic p rogram.  
These l a s t  two points were  the focus  of a s e r i e s  of s e m i n a r s  conducted 
at SAO (Lundquist  and F r i edman ,  1966). A l a t e r  and m o r e  comprehensive  
study along s i m i l a r  l ines  was conducted at Williamstown (Kaula, 1970). The 
la t ter  part of th is  paper  a d d r e s s e s  itself to  s eve ra l  a spec t s  of e a r t h  physics  
in light of r e s u l t s  f r o m  sate l l i te  geodesy.  
The geodetic r e s u l t s  in  1966 benefited f r o m  the use  of two types  of data  - 
s imul taneous observat ions  and individual observat ions .  The solution was 
s t rengthened by combining the  data,  and the accu racy  was es tabl ished by 
in te rcompar i son  r a t h e r  than by re l i ance  on f o r m a l  s t a t i s t i c s  o r  in ternal  
consis tency.  Subsequently, other types  of data  we re  used ;  KGhnlein (1 967b) 
made a cornbination of sa te l l i te  and su r f ace  g rav imet ry ,  and Veis ( I  966) made  
a further compar i son  of stat ion coordinates  using Deep Space Net (DSN) data  
to de te rmine  the  re la t ive  posit ions of the DSN antennas.  The r e s u l t s  in 196 9 
i~c lud led  t he se  additional t ypes  of data  a s  in tegra l  p a r t s  of the solution. 
The geomet ry  of Baker-Nunn s ta t ions  in 1966 was  poor in  some  regions .  
A s e r i e s  of s ta t ion moves  and subsequent observing p r o g r a m s  produced a 
considerably  improved geomet r ica l  determinat ion,  espec ia l ly  in South 
America. The data  used in the dynamical  solution w e r e  improved by a s e r i e s  
of observat ions  m a d e  specif ical ly  fo r  th i s  purpose,  by an improvement  in t he  
reduction procedures ,  and by u s e  of m o r e  accu ra t e  clocks at the s ta t ions .  
A complete revision of the computer programs was initiated, with many 
of the theoret ical  aspects  rediscussed. 
Finally,  the process  of s ta t is t ical  inference was improved. Each type of 
data was t rea ted  consistently by establishing weights and covariances.  Dif- 
fe rent  se t s  of data were  combined and relative weights were adopted, which 
improved the residuals  for  each se t  of data. F o r  example, the t e r r e s t r i a l  
gravimetry was weighted so  that the combined solution improved the orbi ts  
a s  well a s  reduced the RMS gravity-anomaly residuals.  Once each type of 
data was internally consistent, reliability e s t imates  could be established; 
and when each quantity had been determined by independent methods, a d i rec t  
comparison of the es t imates  was possible. In th is  way, a real is t ic  evalua- 
t ion of the accuracy was possible. 
In summary,  a combination of four types of data gave the best estimate 
of geodetic parameters ,  and reliable es t imates  of the accuracy were provided 
by intercomparison. F u r t h e r  comparisons with data not used in the solution -- 
orbital  data, t e r r e s t r i a l  gravimetry,  astrogeodetic leveling, and triangulation - 
completely confirmed the accuracy obtained by intercomparison. 
STRUCTURE OF THE PROCESS 
The combination of four types of data i s  essentially an i terative process. 
The initial values for  the gravity field and station coordinates were taken 
f r o m  the 1966 M1 solution, a s  modified by some resonant harmonics,  and  
the C6 coordinates. The values of the zonal harmonics  were revised by 
Kozai (1 969) a s  a p recur so r  to  this  analysis.  In addition, three constants, 
defining the length and t ime sca les  - GM, ae, and c - need to  be chosen. 
Table 1 l i s t s  the coefficients and constants used throughout this  analysis. 
Figure  1 descr ibes  the information flow. Each  component in F igure  I 
i s  described in Gaposchkin and Lambeck (1 970). The f i r s t  two rows indicate 
very  briefly the process  before analysis. There  a r e  two major  loops in the 
scheme. The large loop i s  a complete recalculation of the observation 
TABLE 1 .  Adopted zona l  h a r m o n i c s  t o  J ( 2  1)  (Kozai,  1969) . 
SOLVE FOR CO(l l1 l l l  GEWETRICAl 
CODROIMTES 
Y I T H  SURFACE C W P A I  WITH OIRECTION 
CCMPARE WITH 
ACQPT SOLUTION e 
Fig .  1 .  Structure of the process .  
equations and residuals and could be called an iteration. Each  separate  set  
of data is solved independently, with some assumptions when necessary.  
These solutions and residuals  a r e  compared. 
The second, smal le r  loop i s  used to  determine the appropriate relative 
weights of the four components. The weights a r e  chosen, a solution i s  cal- 
culated, and the residuals a r e  investigated. If revision i s  necessary,  the 
weighlcs are changed and another solution i s  made. At this point, certain 
orbital information and geometric data may  be either added o r  deleted if 
appr  onr  iate. 
Each solution i s  compared with some independent orbits,  a s  well as  with 
the observations used in the solution and with the separate solutions them- 
selves.  In practice,  five or six such solutions a r e  calculated, and one i s  
adopted for the subsequent analysis.  
DATA USED 
The position of the ea r th  in the iner t ia l  reference f rame i s  monitored, 
tabulated, and published in t e r m s  of pole position (x, y) and s iderea l  t ime 
( U T 1 )  by the Bureau International de 1'Heure (BIH), the United States  Naval 
Observatory (USNO), and, fo r  pole position cnly, the International Polar  
Motion Servlce (IPMS). The largest  difference of the published values i s  
5 m- in U T l ,  although it is impossible to  te l l  what the cor rec t  values a r e  and 
t o  establish fur ther  the r ea l  accuracy of these data. The position of the 
ea r th  seems to  be known to  no better than severa l  me te r s .  The uncertainty 
in. these data se t s  the l imit  of accuracy in station positions. F o r  the analysis 
described here,  we have adopted the UTl data published by the BIH and the 
pale position published by the IPMS. 
The locations of stations contributing satell i te observations a r e  indicated 
in F i g u r e  2 .  There  is  a clustering of stations in North Amer ica  and western 
Europe .  Most of these stations contributed many simultaneous observations 
but of only a few satel l i tes .  These data were extremely valuable fo r  a 
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geometr ical  net adjustment but were not appropriate for a dynamical determi-  
nation of station coordinates. More than 50, 000 observations were combined 
in the geometrical solution. 
The final dynarnical solution used m o r e  than 60, 000 observed quantities 
on thin 21 satel l i tes  listed in Table 2.  The distribution of orbital. character-  
istics i s  i l lustrated in Figure 3. 
The DSN data f r o m  five stations were compiled by Mottinger (1 96 9).  
Each DSN station can be related to  a Baker-Nunn camera  by the use of 
c?assica$ survey data. We then have for these stations additional observa- 
tional constraints on the relative longitudes and the distance f rom the spin 
axis of the earth.  
The te r r e  stria1 gravimetry data used in the solution were compiled by 
KauPa (1 906) and consisted of 300-nautical-mile (n mi)  f r ee -a i r  anomalies. 
His basic  data consisted of l o  X l o  mean f ree-a i r  anomalies. The resul ts  
were  935 mean anomalies for  300-n m i  squares  covering 56. 5% of the globe. 
Since the details of the analysis a r e  given elsewhere,  the following 
disc~!ssion i s  limited to the accuracy of the final resul ts .  
The final resu l t s  for the geocentric car tesian station coordinates a r e  
given in Tables  3 and 4, and for the t e s s e r a l  harmonics ,  in Table 5. Table 1 
contains the precision es t imates  of the station coordinates, and Figure 4 
grves the precision of the geoid height a s  a function of latitude. These es t i -  
-mates have been taken f rom the s tat is t ics  of the final iteration, using the 
weighting factors  f rom the combination, and a r e  corroborated by al l  the 
intercomparisons.  The geoid-height est imates ,  of course,  re fer  to  the 
generalized geoid only and do not imply that the geoid i s  known everywhere 
with this accuracy. 
X X X  
X X X  X X X X X X  X X I  
F i g .  3 D i s t r i b u t i o n  of s a t e l l i t e s  u s e d  i n  t h e  196 9 S m i t h s o n i a n  S t a n d a r d  
E a r t h  (11) (Gaposchk in  and L a m b e c k ,  1970).  
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INCLINATION ( '  ) 
TABLE 3. Geocen t r i c  coordinates  ( in Mm)  of the s ta t ions  de te rmined  in the 
f inal  combination solution. The f if th column gives  the f o r m a l  p rec i s ion  
e s t ima t e s  of the coord ina tes  in  m e t e r s .  
Stat ion X 
-- -- - 
u Station Name  
BLOSSOM P O l N T v  MD. 
GRAND F O R K S *  M l N N .  
ROSMAN9 N Q  C a  
E D I N B U R G *  T E X e  
C O L U M B I A *  MU. 
BERMUDA 
P U E R T O  R I C O  
DENVER,  COL. 
Goddard Space Fl ight  Center 
SUDBURYI ONT. 
J A M A I C A  
H A U T E  PROVENCEo F R A N C E  
S T E P H A N I O N ,  GREECE 
COLOMB-BECHARa A L G E R I A  
ORGAN P A S S *  N.MI 
H A U T E  PROVENCE, F R A N C E  
N I C E *  F R A N C E  
ORGAN P A S S *  N.M. 
P R E T O R I A ,  S e A F R I C A  
WOOMERA9 A U S T R A L I A  
S A N  FERNANDO9 S P A I N  
TOKYO, JAPAN 
N A I N I  T A L ,  I N D I A  
A R E Q U I P A I  P E R U  
S H I R A Z *  I R A N  
CURACAO9 A N T I L L E S  
J U P I T E R *  F L A *  
V I L L A  D O L O R E S v  A R G E N T I N A  
M A U I *  H A W A I I  
M T e  H O P K I N 5 9  A R I Z a  
I S L A N D  LAGOON9 A U S T R A L I A  
D O D A I R A e  J A P A N  
A D D I S  A B A B A *  E T H I O P I A  
N A T A L *  B R A Z I L  
COMODORO R I V A D A V I A e  A R G E N T I N A  
HARVARDI  M A S S *  
D E L F T *  H O L L A N D  
Z I M M E R W A L D v  S W I T Z E R L A N D  
R I G A ?  L A T V I A  
UZGHORODI Ue5rS.R.  
M A L V E R N *  E N G L A N D  
D I O Y S O S *  GREECE 
ROSAMUND* C A L a  
C O L D  L A K E *  CANADA 
Hares tua ,  Norwav 
J O H N S T O N  I S L a r  P A C I F I C  
TABLE 4.  Coordinates  of the JPL sta t ions  r e f e r r e d  to the SAO 
re f e r ence  sy s t em.  
Station x (Mm) Y (Mm) z (Mm) 
Fig. 4.  P r e c i s i o n  e s t ima te s  of geoid heights de te rmined  f r o m  the harmonic  
coefficient p rec i s ion  e s t ima te s .  
TABLE 5. Fu l ly  normalized coefficients  of the sphe r i ca l  ha rmonic  expansion 
of the geopotential  obtained in the f inal  i t e ra t ion  of the combination solircion, 
rn a r e  the  cosine t e r m s  of deg ree  P and o r d e r  nl and Sgm a r e  t h e  s i n e  t e r m s  
COMPARISON WITH SATELLITE ORBITS 
Each i tera t ion resu l ted  in improved orb i ta l  r es idua l s  using the combina- 
tion sol-lition. F o r  the f inal  solution, the orbi ta l  r es idua l s  for  sa te l l i t e s  such 
as Geos 1 and Geos 2 a r e  l e s s  than 10  m. These  30-day orb i t s  a r e  computed 
irr ,rr~ a combination of l a s e r  and Baker-Nunn data.  The optical-data res idua l s  
have an RMS l e s s  than 3 a r c s e c ,  and the l a s e r  data res idua l s  have an RMS 
value of 7 m. T h e s e  res idua l s  a r e ,  of course ,  made  up of observation e r r o r s ,  
mode l !  e r r o r s ,  e r r o r s  in stat ion coordinates ,  and e r r o r s  in the gravi ty  f ield.  
GOMPARISON OF GEOMETRIC AND DYNAMIC SATELLITE SOLUTIONS 
F i g u r e  5 compare s  di rect ions  between s ta t ions  resul t ing f r o m  the geo- 
-metric solution ( A  ), the  dynamic solution ( 0 ), and the combination solution 
(0) The difference in the  posit ions der ived f r o m  the  individual solutions i s  
a good indication of the i r  re la t ive  accu rac i e s  and of the accuracy  of the  com- 
bination solution. These  di f ferences  resu l t  f r o m  uncer ta int ies  in the  coor-  
d lnates  at both s ta t ions ,  and a t  each  stat ion a number  of such compar i sons  
can usually be made .  The compar i sons  shown h e r e  a r e  the  m o s t  unfavorable 
in that the  e r r o r s  of both s ta t ions  a r e  ref lected in the comparison.  Thus,  the 
accu racy  of the  s ta t ion posit ions of the  combination solution, re la t ive  t o  the 
e a r t h ' s  cen te r  of m a s s ,  should be somewhat be t t e r  than these  f igures  indicate. 
These  compar i sons  indicate that  fo r  the fundamental  Baker-Nunn s ta t ions  
(those numbered  9001 t o  901 2 and 9023) the combination- solution coordinates  
sllolild be re l i ab le  t o  be t te r  than 10  m. F o r  t he  new Baker-Nunn stat ions 
(9021, 9028,  9029, 9031, and 9091), f r o m  which t h e r e  a r e  fewer observat ions ,  
the combination-solution coordinates  should be accu ra t e  t o  bet ter  than 15 m .  
These  e s t i m a t e s  a r e  in agreement  with the  f o r m a l  s t a t i s t i c s  given in Table  3. 
The  longitude di f ference between the  two sate l l i te  solutions obtained f r o m  the  
combination solution is - 0. 2 f 0. 5 p r ad  and i s  not significant. 
HEIGHT 4 'P L d  
HEIGHT 
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F i g .  5 .  Compar i sons  f o r  s ta t ion-s ta t ion vec to r s  computed from the 
geome t r i c  solution A ,  the dynamic solution a , and the combination solution 
0 . The  two e r r o r  e l l ipses  c en t e r ed  a t  0 r e f e r  to the f o r m a l  statistics of 
the dynamic solution (the inner  e l l ipse )  and a f t e r  the covar iance  matrix has  
been mult ipl ied by the fac to r  k: (outer  e l l ipse ) .  
COMPARISON OF SATELLITE AND DSN SOLUTIONS 
The DSN s i t e s  can be re la ted  t o  Baker-Nunn s ta t ion posit ions by ground 
survey. F o r  t h r ee  stat ion groups  (9002-4751), (9003-4741), and (91 13-471 2), 
the dis tance  between the two ins t rumentat ion types  does  not  exceed 200 km.  
F o r  t h e  o ther  two groups  (9003-4742) and (9004-4761), the d i s tances  a r e  
l a r g e r ,  about 500 and 1000 km,  respect ively ,  and uncer ta in t i es  in the  ground- 
survey informat ion m a y  influence the compar i son  r e su l t s .  Tab le  6 gives the 
results in the f o r m  of d i f ferences  in longitude AX. and in d is tance  t o  the  
1 
e a r t h ' s  ins tantaneous  rota t ion ax i s  Ar . .  The  table  a l s o  gives the accu racy  
1 
e s t i m a t e s  deduced f r o m  the  s t a t i s t i c s  of the two solutions and the  ground- 
s u r v e y  data. The  compar i sons  re f l ec t  a sy s t ema t i c  longitude difference,  
- 
AX = -3 .  2 p r ad  ( the DSN longitudes a r e  e a s t  of the SAO longitudes). When 
t h i s  sy s t ema t i c  p a r t  i s  removed,  the res idua l s  a r e  a l l  l e s s  than about 10 m 
and suppor t  the  a ccu racy  e s t i m a t e s  given in Table  3 f o r  the  Baker-Nunn 
stations 9002, 9003, 9004, and 91 13. 
COMPARISON WITH TERRESTRIAL GRAVIMETRY 
Table  7 s u m m a r i z e s  the compar i son  of the geopotential  der ived f r o m  
( 1  j the new combination solution p r e sen t ed  he r e ,  (2)  the  new sate l l i te  solu- 
tion, and (3 )  the  1966 Standard E a r t h  solution ( a l s o  known a s  the M1 solution),  
using 300-n m i  s q u a r e s ,  f o r  which a t  l e a s t  20 surveyed 60-n m i  squa re s  were  
available f o r  the compilat ion.  The  compar i sons  a r e  made  f o r  the  t h r e e  f ie lds  
truncated a t  d i f ferent  d e g r e e s  a s  well  a s  f o r  the  to ta l  f ie lds .  
The quant i t ies  in Tab le  7 have been defined by Kaula (1 966) and 
Gaposchkin and Lambeck  (1 970). Br ief ly ,  gT i s  the t e r r e  s t r i a1  gravi ty  
angrnaly and g i s  the  sa te l l i t e  o r  combination solution anomaly;  E and E S T S 
a r e  the expected e r r o r s  in the e s t i m a t e s  g and g and 6 g  i s  the expected T S' 
t runca t ion  e r r o r .  The e s t ima t e  D of the gravi ty  f ie ld  contained by the 
spher ica l -harmonic  expansion is obtained f r o m  the  su r f ace  gravity.  If both 
the  sa te l l i te  solution and the su r f ace  gravi ty  give "perfect"  r e su l t s  f o r  a l l  
terms up t o  a c e r t a i n  deg ree ,  then 
TABLE 6. Results of SAO- JPL stations comparison. AXi i s  the longitude 
difference and Ar i  the difference in distance to  the ea r th ' s  axis of rotation 
fo r  the two solutions. TX is the weight mean  longitude difference. 
- 
'SAO-' JPL = AX, A h  - A h i  u A X i  r ~ ~ ~ - r ~ ~ ~ = h r i  
Stations ( ~ r a d )  ( ~ r a d )  ( 4  ( m )  (m) A r L  em, 
4751 -9002 -3 .5  t o .  3 t 1 . 9  7 . 7  t 5 . 9  4 . 9  
TABLE 7. Compar i son  of sa te l l i t e  and combination solutions with su r f ace -  
gravi ty  m e a s u r e m e n t s  (rnga12). 
Solut ion 
n  2 20, N = 136 ,  300-n  mi s q u a r e s  
i: )tnbiri;t ion Solut lon 
n  Z 20, N = 136 ,  3 0 0 - n  mi s q u a r e s  
i < ~ t c l i  i te  3o lu t lon  
4 - 8  m 5 8  1 7 9  8 6 9 8  1 0 2  253  1 2  11 156  
v - 10 n~ 5 10  1 4 5  109  110 120  253 1 11 1 3 3  
I :  1 n i 5  11 151  1 1 5  126  1 2 6  253 11 11  127 
e r 1 2  m i 1 2  1 6 3  11  1 128  129  253  17 11  131  
e 2 1-i m 5 1 4  1 7 3  117  150  1 4 6  253  3 3 11 125  
I ( .a1 Fledd 177  1 1 8  161 1 4 3  253 4 3  11  124 
n  2 20,  N = 136 ,  300-n  mi s q u a r e s  
M1 S o l u a o n  
I 5 8  m 5 8  1 6 8  8 5 8 5  1 0 2  253  0 11  157 
Z otai I'leld 1 6 8  9 3 101  1 0 8  253 7 11  148  
and 
The combination solution gives the best resu l t s ,  in that there  i s  good 
? 
agreement between the three es t imates  ( g L ) ,  ( g  g ) , and D of the true S T S 
value of the contribution to  the gravity anomaly f rom the geopotential coef- 
2 2 ficients.  Also, the E{eT} and E{rS} a r e  small .  This might have been 
expected, since the combination solution contains the data against which the 
t e s t s  were made. 
2 The es t imates  of the e r r o r s  of omission ~ ( 6 ~  } a r e  sti l l  quite large 
2 
compared to  the es t imates  ofr2 and E a fact that indicates that the surface-  S T'  
gravity data contain some additional information that has  not been extracted 
in this  solution. 
There  i s  no significant difference between the satellite solution, the 
combination solution, and the M1 solution truncated to  8 ,8 .  Beyond degree 
10, the combination i s  superior and the high-degree t e r m s  a r e  determined 
pr imar i ly  by the surface-gravity data. 
F u r t h e r  comparisons with surface gravimetry a r e  possible. The re 
a r e  compilations by Talwani and L e  Pichon (1 969) fo r  the Atlantic Ocean and 
by L e  Pichon and Talwani (1 969) fo r  the Indian Ocean. Figure 6 shows free - 
a i r  gravity-anomaly profiles computed f rom 5" X 5" a r e a  means obtained 
f r o m  the se compilations and f rom the combination solution. All profile s 
a r e  referenced t o  the international gravity formula. The accuracy of the 
2 5" X 5' a r e a  means  i s  assumed to be 5 mgals .  Table 8 gives ((gS - gT) ) 
for  each of these profiles, and f rom these numbers  the accuracy of the 
gravity anomalies computed f rom the combination solution can be deterr- ined.  
The average value i s  10 mgal, o r  about 3 . 5  m in geoid height, in very good 
agreement  with the value =mgal  taken f rom Table 7. 
North  Atlantic 
Q = +32:  5 
I I I I I I 
2000 1000 0 1000 2000 
DISTANCE ( k r n )  
Nor th  Atlantic 
Northwe stysouthe a s t  
P rof i l e  f r o m  Halifax to Dakar  
F i g .  6 .  Compar i sons  of continuous g rav i ty  prof i les  f r o m  shipboard 
xneasurernents compi led by Talwani and I,e Pichon (b roken  l ines )  with prof i les  
corrlplrted f rom the combination solution (solid l ines) .  
DISTANCE (km)  
South At lant ic  
N orthwest-Southeast 
P rof i l e  f r o m  Equa tor  to Capetown 
I I I I 1 I I 
60' 80° 100" 
LONGITUDE 
Indian Ocean 
a =  0 "  
F i g .  6 (Cont. ) 

COMPARISON WITH ASTROGEODETIC DATA 
Geoid heights obtained f rom astrogeodetic leveling a r e  available f o r  
s eve ra l  major  datums. These data, like the surface-gravity data, could be 
used a s  fur ther  input to  the combination solution. However, the coverage 
extends only to  a r e a s  where reliable surface-gravity data a r e  also available, 
and the contribution to  the global solution would be limited. Instead, the 
astrogeodetic data have been used for comparison purposes,  thus providing 
an independent est imate of the accuracy of the global solution. 
F o r  comparison, these geoids must  be t ransformed to  a geocentric 
reference system. Such a t ransformation can be established through a 
comparison of geodetic datum coordinates with coordinates derived -from 
satell i te analyses (Larnbe ck, 1 970). 
F igure  7 gives the geoids and the difference once the adjustment has  
been made. Table 9 gives the numerical  differences; the a m is  in 
excellent agreement  with other accuracy est imates .  
POWER SPECTRA 
Table 10 gives the degree variances of the solution. As usual, the gravi- 
m e t r i c  solution gives underest imates  of the degree variances.  Figure 8 plots  
- 5  2 the same information, in addition to  the 10  / P  law, which f i ts  the data very  
well. The standard deviation fo r  each degree i s  a l so  plotted. It i s  apparent 
that between degrees 1 8  and 30 the amplitude of the harmonic coefficients 
will be sma l l e r  than their  uncertaintie s. The same limit  i s  seen by an 
2 
examination of E ( 6  ) from Table 7. We can est imate that the remaining 
7 
58 mgalL of information i s  completely contained in degrees  17 through 2 0  
This  i s  t o  some extent surprising, since we would expect that a s  20th-degree 
t e r m s  have a half-wavelength of 9", 5" X 5" anomalies would contain infor- 
mation of grea ter  detail. Surface gravimetry certainly has  a great deal of 
high-frequency detail. The methods for  reducing the data to 1 " X I " squares 
and then to  5" X 5" squares  may  smooth the higher frequency data, o r  it 
0 
--__-- 
a 
E -20 
-. 
P 
I 
"3 
u 
I 
la 
8 
% - 4 0  
,/'-'I. 
- 60 
250" 260" 270" 280° 
LATITUDE 
/------ 
---_--_ / 
--___--- 
60" 50" 40 30" 20 " 
LATITUDE 
North American Datum 
Fig. '7. Comparisons between geoid profiles obtained f r o m  the combina- 
t lon  solution (solid l ines) with profiles obtained f r o m  astrogeodetic measure -  
ments t ransformed into the global reference sys t em (dashed l ines) .  The 
difference between the two profiles, a f te r  the systematic  part  has been sub- 
tracted, i s  indicated by the dotted line. 
LATITUDE 
A u s t r a l i a n  Geodet ic  Datum 
F i g .  7 (Cont.  ) 
L 1 I 
30" 20" lo0  
LATITUDE 
Indian Da tum 
I I 
60' 50' 40' 
I  
30" 
LATITUDE 
X = 16" 
E u r o p e a n  Da tum 
F i g .  7 (Cont. ) 
TABLE 9. Summary of the comparisons between the geoid profiles obtained 
f r o m  the combination solution and the astrogeoids re fer red  to the geoce tric 9 
system. Ah is the systematic  height difference between the profiles,  "6h 
2 the var iance of the difference between the two profiles, cra the variance of 2  the estrogeoid heights, and US the contribution of the combination solution 
Datum Profi le  
,- 
NAD 4, = 35"  -15 8  1 .5  6.5 
NAD A = 260" -1 6  6  1 . 5  4 . 5  
AGD 4, = -28."75 -1 2 10  1.5 8. 5  
AGD A = 136."25 -1 2  1 2  1 . 5  10 .5  
IND X = 7 5 "  - 3 6 3 0  1.5 28.5 
EUR X = 1 6 "  -4 2  6  1.5 4 .5  
TABLE 10. Power  s p e c t r a  of f r e e - a i r  gravi ty  anomal ies .  
D e g r e e  2 Deg ree  Var iance  (mga l  ) 
Grav ime t r i c  Sate l l i te  Combination 
Solution Solution Solution 
Fig.  8. Degree  var iances  fo r  6 < 1 < 22 f o r  the combination solutnon, 
Kaula ' s  r u l e  of thumb i s  indicated by the dashed line. F o r  2 < B < b the degr 
va r i ances  a r e  in complete  ag reemen t  with this  rule .  The lower  curve g i v e s  
the deg ree  to the p rec i s ion  e s t ima te s  of the h a r -  
monics ,  i. e . ,  l l n '  to- S Q m  
m a y  be that the r ea l  ea r th  actually has  an attenuated power spectrum between 
P = 2 0  and the  point where anomalies of 150 to 50 km become important 
( 1  = P 30 to 3 0 0 ) .  
COMPARISON WITH GLOBAL TECTONICS 
In one sense,  a determination of the geophysical significance of the grav- 
A 
~ t y  field is a confirmation of the field, and in another, it i s  the raison d 'e t re  
for the analysis. Although the following discussion is  oriented toward the 
latter, it should be remembered that by having sorted out the geophysical 
i~np!l~cations of the gravity field, both resu l t s  have been verified. 
-. h Igura, 9 i s  a plot of f r ee -a i r  anomalies, re fer red  to  the figure of 
hydrostatic equilibrium (an ellipsoid of flattening 11299.  8 ) ,  in accord with 
the. ercplaaakion of Goldreich and Toomre (1  969)  f o r  the excess  oblateness. 
The re  a r e  two major  effects of the new data: 
A. The improved resolution resu l t s  in the breakup of the two la rges t  
features in the southern oceans. The large a r e a  of mild anomaly in the South 
i'aclfac as now resolved into two negative a r e a s  with a positive a r e a  between, 
t h e  f o r m e r  over basins and the la t ter  along the Eas t  Pacific Rise. In the 
between Africa and Antarctica,  a single large positive feature centered 
i~ the ' v ee "  between the two r i s e s  i s  now divided into two positive features  
o v e r  the r i s e s  and an a r e a  of mild anomaly between. In general,  most  of the 
vigorous ocean r i s e s  a r e  now positives, ra ther  than "mild" features .  
B. The use of the hydrostatic flattening resul ts  in the intensification 
of the negative anomalies in the glaciated a r e a s  nea r  the poles: to  an extent 
at the South Pole, which i s  much g rea te r  than can be imputed to glacial 
Boading. 
L e s s e r  effects a r e  the appearance of the highest Himalayas as  a small  
positive belt; the removal of the overlap of the ocean r i se  by the South 
-Australian basin negative; the emphasis  of the positive belt f rom the 
F
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Carpathians t o  I r a n ;  t h e  r educ t ion  of the  E a s t  M e d i t e r r a n e a n  negat ive ;  and t h e  
seduction or r e m o v a l  of pos i t ive  f e a t u r e s  in a r e a s  of s l ight  r e c e n t  t ec ton ic  
ac t iv i ty  in n o r t h e a s t  USSR, t h e  C e n t r a l  Pac i f i c ,  and A u s t r a l i a .  
7 
2 fgure  I0 i s  t he  c o r r e s p o n d i n g  i s o s t a t i c  a n o m a l y  m a p ,  us ing  t h e  s p h e r i c a l  
h a r x o n i c  expans ion  of the  A i r y - H e i s k a n e n  30-krn c r u s t  i s o s t a t i c  c o r r e c t i o n  
ca lcu la t ed  by Uoti la  (1 962). A s  ant ic ipa ted ,  ocean ic  m a x i m a  and cont inenta l  
rnrnsma a r e  enhanced in t h e  i s o s t a t i c  m a p .  
A s  p rev ious ly  pointed out (Kaula ,  1967),  t he  c o r r e l a t i o n  of g r a v i t y  with 
tonography  i s  poor  f o r  the  f i f th and l o w e r  d e g r e e s .  On the  o the r  hand,  Hide 
and Malin (1 970) h a v e  r e c e n t l y  shown tha t  t h e  low-degree  h a r m o n i c s  of t h e  
gravixy field have  a h igh  c o r r e l a t i o n  with t h e  c o r r e s p o n d i n g  h a r m o n i c s  of the  
rnagnet lc  f ield,  p rov ided  the  l a t t e r  i s  ro t a t ed  160" e a s t w a r d .  T h e  obvious 
appl ica t ion  f o r  t h e  p u r p o s e  of i n t e r p r e t i n g  u p p e r  m a n t l e  and c r u s t a l  phenomena 
is t o  use a r e s i d u a l  f ield.  F i g u r e  11 i s  the  f r e e - a i r  anomaly  f ie ld  ca lcu la t ed  
f rom s p h e r i c a l  h a r m o n i c  coeff ic ients  of d e g r e e s  6 th rough  16, and F i g u r e  12 
1s the c o r r e s p o n d i n g  i s o s t a t i c  a n o m a l y  f ie ld .  In the  four  s u c c e s s i v e  r e p r e -  
sentations of F i g u r e s  9 th rough  12, t h e  c o r r e l a t i o n  of ocean  r i s e s  with pos i t ive  
a n o m a l i e s  a p p e a r s  m o r e  and m o r e  e m p h a s i z e d .  
A s  d i s c u s s e d  in Kau la  (1 96 9), i t  s e e m s  a p p r o p r i a t e  t o  analyze  the g r a v i t y  
i r c l d  rn t e r m s  of r e a s o n a b l y  contiguous blocks of anomaly  X a r e a ,  s ince ,  by 
the h a i f - s p a c e  appl ica t ion  of G a u s s ' s  t h e o r e m ,  t h i s  quanti ty i s  d i r e c t l y  p r o -  
po r t iona l  t o  e x c e s s  m a s s ,  which  in  t u r n  is a p r i m a r y  m e a s u r e  of the  s t r e s s e s  
regurred.  T a b l e  11 g ives  the  30  l a r g e s t  blocks in t e r m s  of f r e e - a i r  a n o m a l i e s  
referred t o  the h y d r o s t a t i c  f igu re ,  while  T a b l e  12 g ives  the  25 l a r g e s t  blocks 
in t e r ~ m s  of i s o s t a t i c  a n o m a l i e s  r e f e r r e d  t o  the  f i f th -degree  f igu re .  Of t h e  
r 2 question m a r k s  in T a b l e  4 of Kaula  (1 969), about  10 s e e m  t o  be r e so lved .  
The g r e a t e s t  ques t ion  r e m a i n i n g  i s  the  g r e a t  nega t ive  o v e r  A n t a r c t i c a ;  i t  i s  
t o o  l a r g e  by m o r e  t h a n  a f a c t o r  of 3 t o  be a t t r ibu tab le  t o  t h e  l o s s  of i c e  in 
recent geologic  t i m e  (O 'Connel l ,  1970).  
The t ypes  given in T a b l e s  11 and 12 a r e  t h o s e  used  in Kaula  (1969),  with 
s o m e  obvious modif ica t ions .  
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INTERPRETATION 
TFe principal inference f rom the large a r e a s  of postglacial uplift is, of 
coe:r se, the asthenosphere - a relatively plastic layer  in the upper mantle, 
80 t o  400 I c m  o r  m o r e  deep. Of the seven o r  eight ma jo r  feature types, the 
glaciated a r e a s  a r e  alone in being t ransient ,  with a decay time on the order  
of a f e w  thousand y e a r s  (OIConnell, 1 970). 
S ~ n c e  the lithosphere is not capable of supporting elastically the necessary 
stresses f o r  fea tures  thousands of kilometers in extent (McKenzie, 1967), the 
r t he s  b r o a d  departures  in the ea r th  f rom equilibrium must  entail flow in the 
astlllenosphere. However, the asthenosphere i s  stiff enough, and the thermal  
condui- t lvl ty  of the ea r th  poor enough (i. e .  , the Prandt l  number i s  large) ,  
that :t is generally agreed that the flow i s  essentially steady state (Turcotte 
and Ouburgh, 1967, 1969). As indicated by magnetic r eve r sa l  patterns,  the 
;,rcse-nt pattern of tectonic motion has persis ted for about 10 million yea r s  
( H e l r t z l e r ,  Dickson, Herron,  Pitman, and Le Pichon, 1968) 
In a steady- s ta te  flow system, for  a m a s s  excess  in a particular region 
t o  be rnalntained, there must  be effectively a deceleration in the Lagrangian 
sepst. of mat te r  entering the region and an acceleration of mat te r  leaving it; 
t h e  converse must  apply to  a region of m a s s  deficiency. Since the com- 
p s e s s l b i l i t y  of upper mantle mater ia l  is  slight, these "decelerations" must  
be accomplished by 1 )  the piling up of ma te r i a l  at  the surface,  2) the 
replacement of l e s s  dense by m o r e  dense ma te r i a l  at  an interior interface, 
3) thermal  contraction, 4 )  transit ion to a denser  phase, o r  5 )  petrological 
fractsonation in which a l e s s  dense component is  left behind. The r eve r se  
of one o r  more  of these processes  is needed to accomplish an "acceleration. " 
If the asthenosphere i s  a relatively thin layer ,  then the obvious direction 
TO t ransfer  ma t t e r  so  a s  to  affect the external  gravitational field is lateral .  
Eiowever,  ver t ical  t r ans fe r s  a r e  not to  be ruled out: an upward displacement 
of mater ia l  making the density higher than the average at a shallow level, 
'uala~ced by a m a s s  deficiency a t  considerable depth ( say  below 200 km), could 
account for a gravity excess .  F r o m  the formula for  the potential ar is ing f rom 
a spherical-harmonic surface distribution of m a s s  (Kaula, 1968, p. 67) we 
have, for  a m a s s  excess  of Aph of width L compensated at  depth d, 
But then to  say  the data a r e  satisfied by isostatic compensation at  great depth 
i s  to beg the question a s  to  the response of the asthenosphere to the s t r e s s e s  
that must  necessar i ly  exis t  a t  the intervening levels.  
The relationship of gravity anomalies to  the flow sys tem depends dras-  
t ical ly  on the boundary conditions. In a sys tem of thermal  convection, if the 
boundary i s  fixed, an upcurrent is associated with a negative anomaly, be cause 
of i ts  lower density (Runcorn, 1965). But if the boundary i s  f ree,  an upcur -  
rent  i s  associated with a positive anomaly because the effect of the m a s s  
pushed up at  the surface outweighs the density effect (Peker i s ,  1935; 
McKenzie, 1968). 
In the case of the r ea l  ear th ,  the question becomes to what extent the 
l i thosphere (the layer  of relative strength) and the c rus t  (the lower density, 
uppermost layer  of the lithosphere) ac t  a s  par t  of the convective f low and t o  
what extent they act  a s  a restraining boundary t o  the flow. Manifestly, they 
ac t  both roles  to differing degrees in different par t s  of the ear th.  The 
l i thosphere can even be simultaneously a fixed boundary fo r  horizontal forces ,  
in being able to  act  a s  a rigid plate in tectonic motions, and a f r ee  boundary 
f o r  ver t ical  forces ,  in not resis t ing convective upthrusts.  The extent t o  
which a par t icular  portion of the l i thosphere ac ts  a s  a f r e e  or  fixed boundary 
depends on i ts  tempera ture ,  s ize of feature,  ra te  of motion of ma te r i a l  into 
and out of a feature,  and composition (in particular,  its water content). The 
situation may  be fur ther  complicated by steady surface t r ans fe r s  of matter --- 
i. e .  , eros ion  and sedimentation. 
H o w  a boundary acts  in the range between perfectly free and perfectly 
! rxed  depends on both 1 ) i ts  e last ic  propert ies  - i ts  rigidity and thickness, 
and 2 )  its plastic propert ies  - most  simply expressed a s  a decay t ime in 
re spcilise t o  a transient loading, dependent on the dimensions of the loading 
and s t r e s s  a s  well a s  on the creep propert ies  of the mater ial .  Under small  
s t r e s s e s ,  the decay time of the lithosphere is  very long: it i s  effectively 
actlng as an elast ic  layer in a reas  of postglacial uplift. But under greater  
s t r e s s e s ,  such a s  in the major  a r e a s  of m a s s  excess ,  the notion of decay 
tnme 1s complicated by the nonlinear dependence of s t ra in  rate on s t r e s s  
(Weertman, 1970), as  manifested by the seismicity of these regions. Quali- 
tatlvely, :or both elast ic  and plastic behavior, we should expect that the 
thrcke r ,  the colder, the l e s s  hydrous the lithosphere is  in a particular region, 
the more  it will behave like a fixed boundary. But quantitatively, we should 
expect that in some cases  it may be difficult even to infer the cor rec t  sign of 
t h e  gravity anomaly. 
The ilow system for  a body with boundaries that a r e  partly fixed and 
partly f ree  would be a difficult problem to  t r e a t  rigorously. However, we 
might expect that usually the nature of the local boundary conditions would 
3ree!ominate in determining the charac ter i s t ics  of a particular region. We 
shall  apply this assumption in the analysis of feature types below. 
In Kazlla (1969), 11 gravity-anomaly a r e a  types were proposed, 6 of 
which appeared to  be associated with cur rent  internal activity in the ear th.  
/i;e shall  discuss  these s ix  (somewhat modified) in an o rde r  suggested by 
the:r apparent relationship t o  the global-tectonic pattern: 1) active ocean 
r l s e c ,  2 )  oceanic shield basalts st i l l  active in Quaternary, 3) basins, 
4 j  trench and island a r c s  currently active, 5) current  orogeny without 
extrusrves ,  and 6 )  Cenozoic orogeny with extrusives in Quaternary. 
Active Ocean Rises.  The indication f rom the new data that these a r e a s  
a r e  generally of positive gravity anomaly i s  consistent with their  being f r ee  
boundaries over upcurrents  in a convective system. Thei r  well-known char-  
acteristics of high heat flow, shallow depth in the ocean, thin sediments,  
l a rge -  sca le  volcanism,  f requent  mode r a t e  ear thquakes ,  lack of a distinct 
Moho, and prevalence of in termediate  s e i s m i c  p r i m a r y  velocit ies in the 
range 7. 2 to  7 .  7 k rn / sec  a r e  general ly  t aken  t o  indicate that  the rises are 
the  s i t e s  of upwelling and spreading out in a convective cycle. The llltensity- 
and uniformity of heating i s  apparent ly  sufficient t o  prevent  th is  mass 
imbalance f r o m  being l a rge .  Such s m a l l  t e m p e r a t u r e  gradients  a r e  the 
expected consequence of a s t rong  t empera tu r e  dependence of viscosity 
( T o z e r ,  1967; Turco t te  and Oxburgh, 196 9) .  
Oceanic Shield Basal ts .  With the improved data,  a l l  ma jo r  oceanrc 
positive a r e a s  appear  to  be assoc ia ted  with spreading cen t e r s  except  one - 
Hawaii.  Hawaii  appea r s  t o  be the buildup of an appreciable  m a s s  excess by 
ex t rus ive  activity off the  r i s e .  Th i s  buildup i s  in spite of a sinking of the 
c ru s t ,  a s  pointed out by Menard ( 1  96 9).  An approach  t o  i sos ta t i c  adjustment 
i s  a l s o  suggested by depths t o  the  Moho somewhat g r e a t e r  than the oceanic 
average  (Drake and Nafe, 196 8 ) .  But apparent ly  the l i thosphere  ha  s ccoled 
sufficiently t o  cause  a lag in the a t ta inment  of equi l ibr ium.  Th i s  notion is 
cor robora ted  by the re la t ively  low hea t  flow. The exis tence of such a feature 
indicates  that  the as thenospher ic  f lows that  generate  the requ i red  p r e  s sicre 
do not n e c e s s a r i l y  have a s imple  and d i r ec t  re la t ionship  t o  the  l i thospherr  c 
plate mot ions  (McKenzie, 196 9 ) .  
Basins .  Th i s  commonest  of the  m a j o r  f ea tu r e s  always occu r s  some- 
where  t o  the  f lanks  of ocean r i s e s .  However,  landward of the  basin  m a y  be 
a t r ench  and is land a r c ,  a n  orogenic  belt,  o r  a re la t ively  quiescent continent 
on the  s a m e  tectonic  plate.  Th i s  sugges t s  that  the  na ture  of the flows 
assoc ia ted  with basins  depends m o r e  on where  the m a t e r i a l  came from than 
where  i t  i s  going. 
The  d i r ec t  cause  of the  negative i sos ta t i c  anomaly i s  m o s t  l ikely that 
t he  c r u s t  c a r r i e d  along in the sea- f loor  spreading i s  th icker  than compatible 
with the  depth of the  basin;  a Moho deeper  by l e s s  than a k i lomete r  i s  ade- 
quate t o  account fo r  the average  i sos ta t i c  anomaly of - 1 4  mgal .  
The rea l  problem, of course, i s  what i s  the nature of the asthenospheric 
w-ithdrawal that causes the 3-km drop f r o m  the r i s e  to  the basin. Such a 
d rop  could be caused by a downcurrent component in the convective system 
resulting f rom the settling out of denser  components. Such settling out would 
be expected in a la teral ly  moving flow that was cooling. But a 3 - k m  drop 
r e q ~ i r e s  much m o r e  than thermal  contraction; fur thermore,  if there  i s  an 
appreciable negative anomaly a s  well, the settling out cannot just be imrned- 
iately below the basin l i thosphere but must  be either 1)  at a depth of severa l  
hundred kilometers below the basin, o r  2 )  between the ocean r i s e  and the 
basin. P rocess  1) could be effected by the phase transit ions of olivine and 
pyroxene, which occur at depths of 300 to  600 km, while process  2)  might 
be facilitated by gabbro-to-eclogite t ransi t ions at  shallower depths. 
The sharpness  of the crust-mantle  boundary, with the 7. 2- to  7. 7-krnlsec 
gap in velocities (Drake and Nafe, 196 8), makes  it impossible fo r  the crust  
to be directly involved in causing the negative anomaly. But if the c rus t  i s  
being car r ied  passively along - a s  suggested by the lack of seismicity,  
volcanism, o r  disturbance of the s e a  floor - then it i s  hard  to  understand 
-,~hy it i s  thicker under the basins than it is on the flanks of the r i s e s ,  as  
emphasized by L e  Pichon (1 969). Could it be that consolidated sediments 
aTe mistaken for  basement rock? Sedimentation itself i s  a secondary process  
irr explaining the gravity-anomaly pattern,  m o r e  a resu l t  than a cause: if 
the thick sediments a r e  the driving force,  then the isostat ic  anomalies in 
ocean basins would be positive, ra ther  than negative. 
Possibly to  be included in the category of basins caused by the behavior 
of the l i t l~osphere  a s  a free-boundary overflow with settling out of denser  
cornponaaents a r e  two land features,  Antarctica and the Congo Basin. 
An;carctic:a i s  an extremely la rge  feature - l a rge  enough to  require a unique 
expl anat ion. 
Trench and Island Arcs .  The now generally accepted model of McKenzie 
(1 969) and others  of a colder, denser  oceanic lithospheric s lab  being thrust  
do- under a l e s s  dense but st iffer continental margin  fi ts  a simple notion 
of the gravity pattern: the dominant feature i s  the broad positive anomaly 
associated with the denser  downthrust slab, while the secondary feature is 
the nar row negative belt associated with the t rench  caused by tensile cracking 
and the downward-breaking line. But this  s h p l e  picture i s  based on the 
assumption that the applicable boundary condition of the convective f low is 
m o r e  "fixed" than "free1\  in other words, the t ime scale of the process  is  
shor t  enough that the strength of the continental lithosphere (and perhaps the 
oceanic lithosphere a s  well) significantly r e s i s t s  being pulled down by the 
downcurrent. This general idea that resis tance to  flow is necessary t o  make 
positive gravity anomalies of densifications applies not only to  the boundary 
layer  but a l so  to  deeper s t rata:  the downthrust slab could in par t  be szapported 
by stiffer mat te r  below the asthenosphere, a s  suggested by Isacks and 3.4oEna.r 
(1 969)  and others  f rom se ismic  data. 
The association of the downthrust s lab  with positive anomalies also 
suggests that the driving force i s  a push f rom above ra ther  than withdsawial 
f r o m  below. Whether this "push" i s  the gravitationally caused sinking of the 
denser  oceanic lithosphere, the p res su re  of the spreading sea  floor behind it, 
or  the viscous drag by the sublitkospheric flow does not seem resolvable 
f rom the gravity data. 
Current  Orogeny without Extrusives.  The hypothesis of MeKenzip ( I  969) 
that purely continent vs.  continent compression resu l t s  in folding rather  than 
in downthrust because of the excessive buoyancy of the thicker c rus t  is appeal- 
ing a s  an explanation for  the strongly negative gravity anomalies associated 
with the Asian par t  of the Alpide belt. The resulting pileup of lower dens i t y  
mate r i a l  resu l t s  in a m a s s  deficiency in the short  run, because the stiffness 
of the l i thosphere containing low-density c rus t  enables it t o  push out of the 
way higher density asthenospheric mater ia l .  But in the longer run, the 
t rend f rom "fixed" to  "free" boundaries i s  expressed by the forcing upward 
of the l i thosphere; geologic and geodetic indications a r e  that the Hirna!ayas-- 
Turkestan complex i s  currently r is ing (Gansser ,  1964; Artyushkov and 
Me s che r ikov, 1 96 9).  
'The thick l aye r s  of sedimentary and metamorphic rocks constituting the 
upper pz,r$ of the Himalayas have existed since p re -Cambr ian t imes ,  and 
herease the excess  heat generation and the rma l  blanketing m a y  influence the 
si:as,ation. Fur thermore ,  there  may be a contribution f rom erosion, a s  
corroborated by the positive features  over the Bay of Bengal and the 
Arabian Sea, which appear mos t  strongly in F igure  12. 
Cenozoic Orogeny with Extrusive s. These mountain- building a reas ,  
listed as orogenic among the positive features  in Table 11, s eem to  require  
less explanation in that they a r e  of m o r e  limited extent and a r e  closer to 
isostatic equilibrium. Most a r e  associated with compressive belts of the 
global tectonic system, but this  i s  not entirely so. Why they differ f rom 
the Hima4ayas-Turkestm complex in being positive may  be the lack of the 
preexisting great  thicknesses of sedimentary and metamorphic rocks,  or it 
m a y  be the presence of oceanic c rus t  t o  be consumed (McKenzie, 1970).  
They may a lso  be the continental equivalents of Hawaii t o  some extent: the 
csaineide-sce of weak features  in the lithsophere with regions of excess  pres-  
sure and heat in a convective sys tem that i s  not directly related to surface 
features. Most of these a r e a s  have positive seismic-delay residuals,  sug- 
gesting high t empera tures  to  considerable depth. 
DISCUSSION AND CONCLUSIONS 
The gravity data now appear to  confirm ra the r  well the dependence of 
plate tectonics on mantle convection inferred f rom other phenomena associ-  
ated with the midocean r i s e s  and the compressive belts (Isacks, Oliver, 
and Sykes, 1968). The principal respec t  in which this  picture i s  enhanced 
is the inference that ocean basins a r e  associated with significant down- 
C U T  rents entailing settling out of denser  components and, probably, phase 
transitions. That this proce s s  resu l t s  in negative gravity anomalies depends 
on the t ime scale  of the effect being long enough that the l i thosphere i s  of 
~ e g l i g i b l e  strength and hence ac ts  like a f ree  boundary. 
The grea tes t  feature not readily related to the global tectonic system is 
the Antarctic negative, much too la rge  to  be explained by glacial meit-ng. 
Antarctica i s  almost surrounded by ocean r i se s .  Hence, either these r i s e s  
a r e  migrating away f r o m  Antarctica, or Antarctica i s  a sink. The latter 
seems  implausible, since there i s  none of the seismicity expected with the 
destruction or  folding of the lithosphere: it i s  difficult for Antarctica t o  
pass  on the lithosphere to  some other a rea ,  a s  do the ocean basins. 
Other fea tures  not well explained by the global tectonic pattern a re  the 
gravity excesses  associated with extrusive flows away f rom the ocean rises 
and t rench  and island a r c s ,  in both oceanic and continental a r e a s .  Both 
these features  appear  to  require  higher tempera tures  in the asthenosphere 
generating excess  p res su res ,  together with weaknesses in the lithosphere 
allowing the extrusions.  It is ,  however, difficult to choose whether the 
resulting net m a s s  excess  i s  a consequence of sufficient overall  strength in 
the l i thosphere to  support the extruded load or of behavior as  a f r ee  boundarj-  
over an upcurrent:  perhaps a par t ia l  cur rent  that is  the upward motion of a 
l e s s  dense component, the r eve r se  of the process  that appears  necessary  to 
account for  the ocean basins. 
Anticipated propert ies  of the mantle-convective system that need t o  be 
better related to  the gravity field a r e  the s t r e s s  dependence and temperature 
dependence of the effective viscosity, the horizontal temperature gradients 
a r i s ing  f rom variations in radiogenic heating, and the contributions t o  driving 
the sys tem by fractionations and phase t ransi t ions.  All these propert ies  a r e  
important, of course,  t o  the solution of the ent i re  global tectonic problem. 
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TESTS AND COMPARISONS O F  GRAVITY MODELS USING CAMERA 
OBSERVATIONS O F  GEOS-I AND GEOS-IT 
J. G. Marsh 
B. C. Douglas 
M. L. Dutcher 
ABSTRACT 
Optical observations of the GEOS sate l l i tes  a r e  used to obtain orbital  solutions with 
different s e t s  of geopotential coefficients. The solutions a r e  c o ~ n p a r e d  before and alter 
rnodificatio~l to high o rde r  t e r m s  (necessary  because of resonance) and then a r e  allaIyzcd 
by comparing subsequent observations with predicted t ra jec tor ies .  The most  impor- 
tant source  of e r r o r  in orbit  determination and prediction fo r  the GEOS sate l l i tes  ns 
the poorly modeledeffect of resonance found in most  published s e t s  of geopotential co- 
efficients. Modifications to the s e t s  yield greatly improved orbi ts  in most  cases .  
The s e t s  of coefficients analyzed a r e  A P L  3.5, NWL5E-6, Kohnlein (1967), Rapp 
(1967), Kaula (1967), Smithsonian Astrophysical Observatory (SAO)M-1 (1966), SAO 
COSPAR (1969) and SAO 1969. The SAO 1969 model generally gives better  orbital  fits 
and prediction resul ts .  However even this  model can be improved by correct ions  to 
resonant coefficients. 
The resu l t s  of these comparisons suggest that with the best optical tracking s y s t c n ~ s  
and gravity models, satel l i te  position uncertainty can reach 50-100 m e t e r s  d u r i n g  a 
hcavily observcd 5-6 day orbital  a r c .  
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TESTS AND COMPARISONS O F  GRAVITY MODELS USING CAMERA 
OBSERVATIONS O F  GEOS-I AND GEOS-I1 
INTRODUCTION 
For  GEOS-I and I1 data to  be utilized for tracking system intercomparison, calibralitsa~, arad 
station location determination, satellite positions must be accurately determined. T h u s ,  a n  ac- 
curate  model of the forces  on the satell i te i s  essential .  For  the GEOS satell i tes,  the s~na l l  eficslx 
of drag and radiation p ressure  a r e  easily modeled. The much la rger  effects of the gcopotentsal 
present a more  ser ious  problem. This  study consists  of analysis, comparison, and modificataoli 
of existing geopotential models. 
The s e t s  of geopotential coefficients (gravity models) were  used in the NONAME Cowell-type 
orbit determination program (Reference 1 )  to  obtain orbital  solutions. These  were thela comparcd 
by examining r m s  of fit, differencing the fitted orbits ,  and predicting the orbits  thriaug21 later  
GEOS data. 
All except the SAO 1969 solutions were  obtained using the SAO C-7 Standard Ear th  (Reference 
2). The gravity models studied were SAO M-1, SAO COSPAR (1969), SAO 1969, APL 3-5, W L 5 E - 6 ,  
Kaula 1966, Kohnlein 1967, and Rapp (1967) (References 3-10). 
The most significant defect of most published gravity models, particularly the older ones, l v r  
precision orbit determination is thei r  lack of high-order t e r m s  to  model the shallow resonances 
which exist  for a l l  satel l i tes.  For  GEOS-I and 11, resonant effects amount to  approximately 500 
m e t e r s  alongtrack. In every case ,  improvements could be obtained by modifying the resonant 
coefficients of a model. 
It i s  a common practice in orbit determination to  represent  an orbit by more khan 6 p;tramctre-s 
i n  order  to  absorb model e r r o r s .  Since we were  trying to discover modcl e r r o r s  we solvcd oniEy 
for the minimum set  of 6 elements.  
SECTION 1 
ORBITAL CHARACTERISTICS O F  GEOS-I AND I1 
GEOS-l ,tiid I[ a r e  nearly Ideal tor  gravlty nlodel testing because 01 the extent ol coverage I)y 
,I< L C I ~  ',te I P : L L ~ I P ~ , :  111st1-ull~e1lts and low drag and radlatlon p r e s s u r e  eflecls .  'I'he orbital inclinations 
a: G1:OS-1 ,tiid I1 ci~ller  nlarkc2dly, thus cnsuri11g that conclusions l r o m  tr:~ckrng resu l t s  ol both satel-  
i i  c s i ~ i v c  sonic gerlcrality. 
T;ible I jircisellts the orbital  sl)ecificntions for GEOS-I ancl 11. GEOS-I has  n period of ; ~ p [ ) r ~ x i -  
ni:~:eiy tsvo I l~i:r i j  mid 211 urbit;tl i~rcli~l; i t iu~r of 5974; CEOS-I1 has  n somewh;~t s l ~ o r t e r  period ancl a 
n:;ici? iiighcr ~ i i c i i ~ ~ a t i o i l  of 105%. Both o r l ~ i l s  XI-c ~rca r ly  c i rcular  with perigees :tt)ove 1000 Icm and 
si;a:e?L ;l:'e:i-Lo-;l~:is~ ra t ios .  Collsequcntly, drag call bc l  ig~iol.ecl slid ractiatioll p rcssurc  i s  sillall i ~ ~ r d  
citsily ; ~ ~ o c i ~ ~ ~ ~ ! c i .  
Tnblc 2 presents  the along-track effects  of the SAO MI geopotential up to (6.6)  for  GEOS-I and 
1'1, A Ccw Icri-ns of higher degree such a s  ( 8 , l )  a l so  have effects of about 20 111. Notice that GEOS-11 
is m i ) r c  perturbed by the geopotential than i s  GEOS-I due to the s ~ n a l l e r  orbital  scinimajor axis  
aria 11:ghes iiic'lii~ahion. 
Table 1 
Orbital  Elements  of GEOS I and 11. 
GEOS-1 1s vesonant with 12 th o rdc r  (111) t e r m s  of the ~copo tcn t i a l  imtl GEOS-I1 i s  resonant 
with t e r in r  o! lhv  13th order .  The resul t  is a perLurI)ation slolrg-trnc'k of :ibont 1 / 2  Kt11 in ~ ~ ( ' 1 1  C ; t b ~ .  
T:t!j?e 3 sho-c;vs the cxpectecl along tl.a.ck cffccts a s sumi~rg  the  ~iormnlizccl cocff'icic~lts follow the 
- 
i n i i ;  ( q  , , S,,  , lo-.", ? ). Although botlr satel l i tes have iic:,rly circolnr orbiis ,  lhr  cvrn  dogroi~ 
(!I) t:>ri.r;s 1-ravc ilnportant cffccts. Thesc  t e r m s  contain a factor prol~ort ional  to thc c.cccn(ricity 
:iilct a r e  c:n!l,cd- cc,c.cntric rcsoliant ternls .  Tablc 3 indic'ntcs the ncccssily of m o d c l i n ~  tthc.sc' tc.1-n1s. 
GEOS I1 
April  28, 1968 
1569 K i l o ~ ~ l c t e r s  
1077 Kilometers 
0.03 
105 -8 Degrees 
112.1 Minutes 
7 -- GEOS I 
--I_-- 
Epoch 
1 Apogee Height 
1 Per igee  Height I ( Eccentricity 
Illclilration 
Anomalistic Per iod 
Janu;ury 2, 1966 
2273 Kilometers 
1116 Kilometers 
0.07 
59.4 Degrees 
120.3 Millutcs 
- 
Table 2 Table 3 
Along T r a c k  Elfects  of Low Degree Along Track  Effects of Rcsonanl TFcie.ms 
- - 
and Order  T e r m s  Assumillg C s,, ,,, 1 0 - ~ / ~ ? '  
Based on the SAO M-1 Coefficiellts 
--I I 
METERS Beat Period - -7.1 Days Beat Period = -6-5 Day, / --- I nn,t,,,. I R / P ~ I ~ ~ . ~ .  , 
. 10 1 1 0  6,l 
6,2 I 3 5 
Thus most o r  al l  of thc  cffccts of al l  the rcsoliiir~l 
t e r m s  can be absorbed by solving for one o r  two p a i r s  of theill. Thc good resu l t s  ok~L:~inctl ii: ellis 
study would not have been possible otherwise, s ince the lluillbcr of resonant t e r m s  a1-1 intast i~aodc?ls 
i s  relatively smal l .  A detailed analysis  of GEOS-I1 orbital resonance i s  givcn i n  Reference 13. 
10 
10 
10 
* 10 
10 
3 0 
': 10 
G,3 
6,4 
Both orbi ts  contain a large  iiurnl)cr of rcsoilaiii 
t e r m s  sigllificantly affcctili;: tlic snle1Kii.c: ~~os i t ion ; ,  
However, :ln estensive sct  of rcso~inni  c:oi:ii'icici~ts 
may 11ot 1)c ;lbsolutcly necessary fo r  accwrnle orl~it 
clctc.1-rninntio11 alict 11rcclic:tion. Reso~lan?. t e r m s  o!" 
cithcr even o r  odd cle;<rec 1)erturb the ori~ll \villi 
about ths snmc frcrlucncsy ( K ~ u l a  Roi'r;1-crlce 1 I). 
10 
25 
2 5 :: , I 0  
SECTION 2 
DESCRIPTION O F  DATA SETS 
2 . 1  TYPE O F  DATA 
Tbsee  b y e s  ol c a m e r a  data were  used for th is  study. Thesc  a r e  Baker-Nunn (SAO), PC-1000 
(U:allcci Sl;iles A i r  ~ o r c e ) ,  and MOTS 40" (NASA STADAN and SPEOPT).  The s a m e  a. p r io r i  
-- 
siantiasci clevnatlons on the measurements  were  used:* two seco~lcls of a r c  on ~ 1 1  declination meas- 
~,renieilts anci 2/cos (declination) seconds of a r c  on al l  right ascensioli measurements.  
It shoulti be noled that although the r n c a s ~ ~ r c m e n t s  a r e  a ssumed  to  have the sanlc accuracy,  the 
i d ~ d t l o l i s  or most  ol the Baker-Nunn stat ions a r e  possibly better  known. 
2 - 2  DESCRIPTION O F  ARCS 
Fodr a:~proximately 5-1/2 day a r c s  were  chosen for  th is  study; two GEOS-I and two GEOS-I1 
; ~ r " b : s ,  T a ~ l e  4 descr ibes  these a r c s .  
Table 4 
Description of Orbital  A r c s  and Data Sets 
Satellite 
'p 
GEOS I1 
No. 0135. T I  Period Dec. 31-Jan. 5, 1966 
July 11-16, 1966 
Apr.  28-May 4, 1968 
Sept. 16-22, 1968 
T8ic Jt i ly 11-16, 1966, GEOS-I a r c  i s  predominantly I3alrc.r-Nunn (SAO) t l ,~ ta  Irom lhc' original 
Iwelvc bcst  loc.:rLed SAO tracking stations, while thc Dcc. 31-,Jan. 5, 1966, GEOS-I a r c  i s  mostly 
MOTS 40" rlnta 
Camera  Type 
MOTS, PC-1000 
Baker-Nunn (9 0%) 
MOTS 40" 
Baker-Nunn (95%) 
MOTS 40" (5%) 
Ti~v A p r ,  28-May 4, 1968 GEOS-I1 a r c  a l so  consis ts  mostly of MOTS data. Thc second GEOS-I1 
a rc ,  Si - I : " .  16-22, 1968 i s  largely Bxkcr-Nu1111 ck~tn f rom l e s s  nccuratc.ly loc.atcc1 SAO stat ions and,  
.~t 3 r . i  cia) s, :,i i11c longest of the four a r c s .  
S(i l ,~l ioi~s l rom the best of the GEOS-I a r c s ,  the July arc., and best of thc GEOS-11 a r c s ,  Lhc 
A j ~ r i l - M . i y  .arc, wcrc used in thc prediction results ant1 RV c'oml,nrisons prcscnlctl i n  Scction 3. 
r i - i u i  i t  I S  11~lporlant to note the following: the Bnkcr-Nunn c';lmc3ras 111 ( h ~  GEOS-1 arcs ;Lro rn1ic.h more 
\ n r r t i c  I \  1 1 ,  .i i ~ l > r ~ i  i t l  ,111or1t he  E:t~.th th;~ri : I  I - ( >  l h ~ ~  MOTS c.;tmc.r-;ls i n  1 1 1 ~  (;T<OS-TI :>I-(.. T h c  (;14:OS-I ;II.(' 
h a s  a significant number of observations f rom stat ions in Spain, India, Aust ra l ia  and Hawan,  as 
well as North and South America.  The tracking stat ions used in the GEOS-I1 a r c  are almost totally 
located in North-Central America,  with one station in Chile and two in Africa. Such a diflerencc 
between the two a r c s  is m o r e  likely t o  cause  differences in prediction resu l t s  than riii orbll 
determination. 
SECTION 3 
COMPARISON O F  GRAVITY MODELS 
3-1 MODES AND RESONANT TERM DESCRIPTIONS 
Table 5 s ~ ~ r n n l a r i z e s  the geopotential models evaluated. Until the presentation of the SAO 1969 
model at the  COSPAR meeting in Prague by E. M. Gaposchkin in May, 1969, the 1966 SAO M-1 was 
the most exke~~sive published model based on satell i te data alone. Derived by the Smithsonian 
As t rophys~ca l  Observatory f r o m  Baker-Nunn optical observations of 16 satell i tes,  the se t  i s  conl- 
plete to i8 ,8)  with 46 additional coefficients of higher degree totalling 122 coefficients. The two 
recent SAO models, the COSPAR and the 1969, a r e  complete to  (14,14) and (16,16) respectively with 
many additaorlal caeffieients of higher degree and were  derived f rom a combination of optical, 
Goddard Ranlge and Range Rate and l a s e r  data, f rom 24 satell i tes.  The 1969 model a l so  illcor- 
porates grav ~ m e l r i c  data. 
Table 5 
Geopotential Models 
SAO M-1 (1966) 
SAO COSPAR (1969) 
SAO 1969 
APE 3.5 (1965) 
5E-6 (1965) 
'KAUEA (1966) 
Kohnlein (1967) 
Rapp (1967) 
Complete to  (8,8) 
Complete to  (14,14) 
Complete t o  (16,16) 
Complete to  (8,8) 
Complete t o  (7,6) 
Complete to  (7,5) 
Complete to  (15,15) 
Complete to  (14,14) 
122 Coefficients 
280 Coefficients 
314 Coefficients; 
Includes Gravimetric 
Data 
84 Coefficients 
64 Coefficients 
99 Coefficients 
250 Coefficients; 
Includes Gravimetric 
Data 
219 Coefficients; 
Includes Gravimetric 
I I Data 
The APL 3.5 model was derived from Tranet  Doppler satellite observations by the Applied 
Physics Laboratory. This  se t  is complete to (8,8) with additional higher degree t e r m s  totalling 84 
eocflicieiats. 
The Naval Weapons Laboratory derived the NWL 5E-6 model a l so  using Tranet  Doppler data. 
It is corngslelLe to (7,6) with a few additional higher degree coefficients. 
T!ae Kx11a model, derived i n  1966 f rom a combination of Tranet  Doppler and optical observa- 
lions of 12  satell i tes i s  complete to (7,5) with a few higher degree coefficients making a total of 99 
coefficients. 
6 
6 8 
The Kohnlein and Rapp models, complete to  (15,15) and (14,14) respectively, were derived 
by combining gravimetric measurements  with the SAO M-l  coefficients in 1967. 
Table 6 descr ibes  the resonant t e r m s  used to  modify the geopotcntial models. The Gaposcflk~ci 
and Veis values for (13,12), (14,12) and (15,12) (Reference 14)  a r e  used with the 1966 M-1 values 
for  (12,12) and replace a l l  existing 12th order  t e r m s  in the modified models i n  GEOS 1 ares,  The 
Yionoulis (Reference 12) values for (13,13), (15,13) and (17,13) replace a l l  existing 13th order t e rms  
in the modified models in GEOS 11 a r c s .  The Douglas and Marsh values for (14,113) (Reference 12) 
a r e  used with the Yionoulis 13th o rder  t e r m s  and together replace a l l  existing 13th order terms i n  
the modified models in the April-May GEOS I1 a r c .  
Table 6 
Sets of Resonant Coefficients Used 
T o  Modify Geopotential Models 
--- 
Douglas ;rrld M a r s h  (1969) 
. ~ - .  
To Iro us~tl wit11 
Y i ( > n o u l i s  (1968) f o r  1111. 
April-M:ty arc. 
- .- - -- . - - -. . .-. - - - 
For  the SAO 1969, the appropriate C6 station positions were  used. All other eases used 
the appropriate C7 positions. 
3.2 ORBIT DETERMINATION 
The quality of a determined orbit  is measured by the root mean square  ( r m s )  of t h e  data points 
about the orbital solution. Tables  7 and 8 present the r m s ' s  of fit in seconds of a r c  about the or81ital 
solutions for  each of the models studied, with and without modification of reso~lan t  16.1-ens, 
With the exception of the 1969 SAO models, the unmodified gravity models gave relatively poi:r 
fits. Modifications f o r  resonance greatly reduced the r m s ' s  of most of the models. The ~-.xceptior~, 
the Kaula model, gave best r esu l t s  for GEOS-I hefore modification. 
A s  mentioned in Section 1.2 and shown conclusively in Tables 7 and 8, resonance for GEOS-1 
and n[ i s  important. The Gaposchkin and Veis 12th order  t e r m s  for GEOS I and the "daorioulis 13th 
o rder  t e r m s  for GEQS-I1 produced significantly bettcr  fits in the models which contained an i n s u f -  
ficient number of accurate resonant t c rms .  
It is interesting t o  notice in Table 7 that the original SAO M-1 12th o rder  coefficients produced 
a very  poor fa t  for  the July a r c  and a very good one for  the December- January a r c .  The reason for 
thhrs ns not yet c lear .  The July a r c  res iduals  indicate that the high r m s  i s  due to  resonance: a dis- 
t+ r~ce  six-day period can be seen  on a plot of the residuals.  
Table 7 
Raas's about Fitted Orbits  
GEOS I 
ARC I: July 11-16, 1966 
(1766 observations) 
ARC 2:  December 31 - January 5, 1966 
(1 057 observations) 
Model 
SAO M - l  
SAAO COSPAR (No 11th) 
SAO 1969 
Mohnle in 
Rapas 
NIVL 5E-6 
APL 3-5 
Kaula 
'Addition ni Gaposchkin & Veis (1967) 12th order terms. 
Table 8 
R m s ' s  About Fitted Orbits  
GEOS II 
ARC 1: April  28 - May 4, 1968 
( 1  098 observations) 
SAO COSPAR 
ARC 2: September 16 - 22, 1968 
(1388 observations) 
Kohnlein 
NWL 5E-6 
""I s e c ~ n d  of arc equals approximately 7 meters. *Addition of Yionoulis (1968) + Douglas & Marsh (1969). 
'*Addition of Yionoulis (1968) only. 
For GEOS the Yionoulis odd-degree 13th order  t e r m s  alone greatly reduced the r m s  of fit 
( the  SAO M - l  resul t  in Table 8 i s  s imi lar  t o  the resu l t s  obtained when the other models were  modi- 
f;ed by "s'i9nouK.s values only), but an along t rack  effect of about 150 mete r s  remained. The approxi- 
mate  cale1u8ations of Table 3 show that the most important even-degree resonant t e r m  for GEOS-I1 i s  
(14,13). 13y analyzing the variation in the along Lrac:li res iduals  obtainetl Srow tho SAO M-1 wi th  
Yio~loulis 13th ordcr  t e r m  solution, Douglas ;und Marsh (1969) produced v;ilucs ol' (14,$3) wiiic:ii 
c\linlirl;\tcd Lhc effect  ol the even-deg1.c~ t e rn i s  for  GEOS-I1 on Llie April-May a r c .  0 1 1  t h e  Scjllc1r~tI!ibr 
:ir(., ~llotlols wliich (:ontnincd :III insul'ficient 11uml)er 01 resonant terlris ; ~ l s o  were  nlcidii'icbci i ly i i r -  
corl,orali~lg tllcl Yio~loulis and 1)ouglns a ~ i d  Marsh 13th ordcr  ternls .  But wllcri lllc I>oug:.las 
:ind Mnrsh 1el.n) t)Lus the Yiorloulis cocI'l'icaic>~~ts w c > ~ . t ~  ; ~ c l t l ( b t l  L o  lhci SAC) MI-1 nioclel, Ilit, r . l i i . .  ! , a  i l i  
ittc.r.c.asod !'or the September a r c ,  in co11Ll.ast lo t l ~ c  su t~s t ; c~~t in l  iniprovc~nent obtained for. i i r c b  
April - May a r c .  Th i s  suggosts that nlulli-arc solutions f o r .  coml)osil(: cocfficicnls arc. r-eckuir-oc$ 
r : ~ t h c r  tlia~i tllc single a r c  usclcl by Douglas wld M;~rsll.  Tlic. a r c s  shoill(i bc? chosen so t h a t  klla: 
valuc~s 01' L l l c t  or.ientatio~l e l c ~ n o ~ l t s  . , , ,  arc! :is varied ;IS possible!. 
I'reli~ni~l;ury analyses with tlie SAO COSI'AR (1969) rnoctcl i11dic;lted the 11th order  ~.i:c?blic,iei~ts 
wcre ill e r r o r .  Wllc11 tho con~; . lo te  COSI'AIZ mociel w ; ~ s  usc!tl i l l  oI)t:~i~lin{: or11it:kl s01~iioiis  !'or t;l*:OS-I, 
llle r n l s ' s  0 1 1  110th a r c s  were :~L)out 10 seconds of ;~I 'c .  F l c ~ ~ c e ,  ii11 SAO COSPAR soiulioris useci ill 
this study were  o t ~ t a i ~ l e d  without usill{: nriy 1.1 (21 ortlcr coef l ' ic ie~~ls .  T h e  niore recel!l SPhO liiodel, 
the 1969, ctid not contain :tny suc:ll e r r o r s ,  a s  shown t.)y the excellent solutions prc)c!tic~c:iE isy the 
u~lnlodil'ied version. 
AII ~nl l )or t ;u~t  apl)lic;ition o1 ;LII a ( * ( * i ~ r : ~ t e  ~ ; ~ o p o t e ~ l l i ; \ l  1li0de1 i s  I ~ S  ability to 1,rc1cilc L lilL> :>uSarroii 
01 a satcl l i tc  considerably ahead ol the las t  lltted dnLa p o ~ ~ l t .  Th i s  ability can 1x1 nie,lkiie e i !  by ( on - 
putlng tllc root  niean squares  01 observations nt)out a tralectory gcnerateci ahenci 0 1  ?ilc Iritc\d c ? r . i , l ~ l l  
a r c .  T;il~lc I) presents  tlio r m s ' s  ;lbout thc prcldicted lrajc~c'tories f rom tlw July GEOS-I I O ~ U & F O ! I I  
ancl the April-May GEOS-II solutions. Prediction resu l t s  t rom the GEOS-I anti GEOS-XI ,I-.( s wt.1 fl 
conslstcnt w ~ t h  the i i t s  in Tables  7 and 8. 
Thc large difference in prctliction cnpa1,ility ol the GEOS-I solutions nnd the GEOS-BI solpileor 5 
i s  immcciiatcly obvious. A possible causc of this  difScrcncve is the fact that GEOS-Il 1s rc'lai~vcl\~ 
more  perturbed by thc geopotcntinl than GEOS-I ( s e e  Section 1.1); thus n r ~ l a t i v c l y  more prcelsc" 
model i s  ncccssary lor  GEOS-TI to achicvc thc s a m c  rcsu l t s  a s  GEOS-I. Also the MOTS c;hwii-.e-;t 
s tat ions (which suppliccl most 01 the April - May dxtn) a r c  rr lnt ivcly l~oor ly  distributed 
gcograp:lic:~lly. 
Thcb SA0 1969 modcl c . o ~ ~ s ~ s l ( ~ n t l y  g,lvcl 1)c'ttcbr r c su l l s ,  I)oth for GEOS-I and II, Iolllowt3~1 c B ~ ) L ( ' E I  
by the mod~licci KOhnlcin and SAO M- l ~notlcls .  I'rt~cl~c.t~on rc~su l t s  wcrc  not  olka 111c.d for l I-.(. s r r l , ~  I lcr , 
unmod~flc~cl modcls l)cc:~usc t l i ~  r m s ' s  of t h c  [ i t s  wcrc  so high that rcasonnl)l(k i)rctElc t r o r ~ i  woirld 
hc ullllltcly. 
3.4 SATEI,I,ITI': POSITION COMT'ARJSONS 
A~tothcr  nlvt llotl ol' c:o~nl);lri ng orl)its t l (~l(~rn~inc?tl  with tli l'fc~rclnt l:~-;~vil y niotlvls i,oi)si st s of  
Lakirl:: compulcci s:~.tcllit.c: 1)ositions tl(.I (>rnli rlc>tI wilh tIi fl'orc~nt nlotI(1ls ;~ntI t I i f f c ~ ~ - c ~ ~ i c ~ i  11: i : ! ' II ; ,  'Tht. 
9 
si~lc~lli te 1)ositiondifferenc:es a r e  resolved illto radial, c ross  track and along track components. 
'l'liis nictllod i s  very useful i11 spotting differences i n  orbits due to rerjoliancc. 
111 Lllis sludy, all GEOS-I orbits were compared against thc orbit detcrnli~ic?d by the SAO M-1 
wit11 (;:~l)osc.lilci~i and Veis 12111 order terais. The GEOS-I1 orbits were conipared with tllct orbit 
I I ( ~ ~ ( ~ I . I I I  1 l i t b i t  by thc SAO M-1 with the Y ionoulis and Douglas ancl Marsh 13th ortler tcrnis. T h i s  
docbb I I O ~  iu~ply that these inodels a r c  always "t)esl" in cvery sense. We chose the M1 model iis 
ilic I):~sis for- conipiarison because it i s  so  widc!ly used. 
Fits A1)out P~-edi<:ted Trajct:torics GEOS-I and CXOS-I1 
GEOS-I. ARC 1 
Definitive Period: ,July 11-16, 1966 (1766 01)s.) 
Prediction Period: July 17-22, 1966 (1858 O h . )  
----- -.-- -.. .- - ^ -- - 
Model Rnls ( secs  of a r c )  
ullniodified 
- I modified* 
SAO M-1 
SAO 1969 
Kijhnlein 
Ral111 
NWL 5E-6 
APL 3.5 - - -  
Ka ula 6.58 
- . .- 
GEOS-11, ARC 1 
Definitive Period: April 28-May 4, 1968 (1098 Obs.) 
Prediction Period: May 5-9, 1968 (622 O h . )  
Mode 1 Rnis ( s e r s  of a r c )  
unmodified modified** 
-- - - - - - ---- 
SAO M- 1 - - -  
SAO 1969 13.04 
Kijh~ilei~i 28-16 
Rap11 33.51 
NWL, 5E-6 - -  - 
APL 3.5 - - - 
-- 
K;ruln 78.09 
*Addition of Gaposchkin 8 Veis (1967) 
**Addit ion of Yionoulis (1968) and Douglas R Mais11 (1969) 
T;~l)lc 10 s ~ ~ n i l i l a r i z c s  the rc!sults ol' lhc gravity moclel con i l~ :~r i sons  o v o r  Illc I ' i l lccl  ; n e , c s ,  A S  
c~.ul)c~clc'd, t l lc l   l lo rig tr:kcb cliffercnces were lnorc c,utst;~iidi~~g ttha~l the r:kcii:il :111d (:ross I r ; i e . j ~  d i l -  
fc>rcllccs ( s c x c .  Sccbtion 1.2), even though the raclial ant1 c r o s s  trnclc cliff(:rt!~lces wel*c. i;iri:c>~ i'or. 
GI'OS-I1 orl.)its than for GEOS I. This  is probably due to the lctss wiclcly dislr i l~utei i  Lr;tckiiq~ ~k:iliO!i~ 
for tlicl GEOS I1 a r c  :111d the fact that GEOS-I1 i s  slightly Inore ~)erLurt)eci t)y Lhv ~:er~~)otenl~ixl  i l ~ : i i ~  i.: 
GI<C>S-I. Tllc o~ltt ctxc.cl)tioii t o  this  i s  thct SAO M-1 ~ilodifietl ve r sus  tht: NWL 51;-G r n o c l i i i i ~ t l  ori)iti- oil 
t I l ( 3  C;F;OS-II ;ii*t:, \vlictrct thcl c r o s s  Lrnc-k tliSl'c.re~lccs arc. i'rc\cluc~ltly ; ~ s  y;rcj;tt a s  200 r ~ i c ~ i e ~ ~ . s .  Tli(* 
:11o11;: tr:~cl< tiil'l'ci.cnc:c~s ;1rc only occ;itsioil:rllv that l;tl*:yct. T;it)l(: 10 ~ . ( ~ v < ~ : l l : ;  sonlc~tl~iii:; vt':.y i r ~ i ; l o i . l ; r i ! l  
;~l)ont  orl)it di : lc~i .~i~in:~tio~~ :~c c.u~.:~c:y. \YI, s(!i!, f o r  ( ~ : < ; I I I I I ) I ( ~ ,  [11;1t I 'oI .  ( ~ f ~ ~ O S - - T I ,  t i i ( b  oh*l)il o ? ~ l ; i i ~ \ ~ ~ ~ !  s ~ v i t l i  
"'c' l ] i ~ ) ( i j f i c ' ( f  MI 111Od('l O i I ' f ( ' 1 ' ~  ~ L ~ o I I ~ - ~ ~ ~ : I ( . I <  S J ~ O I ~ ~  t!>(> 0 1 , ) ) i L  ( , ) ) I  ; ~ ~ l l i ~ ~ ~  i a , r l [ / t  1 :)[ig j j : o ( / p i  
ij!, : I ~ ) O L I ~  64 m (,13nls). Altholrgl~ t l l c b  SIAO 1969 niocl~!l ;;ivcls :i !)( 'I  tc>t. fit, the$ nlotiiCic~~l M 1 11:0,1~,! o , ~ I ~ ( , s  
t)cttcli. 1)l.t1clictic)~is. Thus ..V(~ c.:~~iilot di~.oc~Llv s ; ~ y  wllicsll is "1)c5st". Firvir!.~. 1 I I I ; ~ ~ ~  sI1 ~eI , s i ) ~ ' i l h  lii!:i!t. 
I (  s11o\\~s []I(> ;~ I ) I ) : I~OIIL  L~I I I~I I ; ;  ( > ~ ~ r o r s  e)i)t;\i~i(~d l'ol. I):ISS(\S 01' 1*:111g(> d:lt;l I ~ ( ~ ( ~ o I ~ c ~ ( ~ c ~  fr01'11 I ! \ ( ' ,  !~~)i-l1I:lli3 
N. C., S-]3all(l R:ld:lr 11.nc.lcin~ :.it(: 1):isccI uljo~i \ 1 ~ ( $  Ai)ril - %I:iy C;I;:OS-II ol)tit.:\I :I?.(, L I ~ I : !  , t i l l ,  
SAO 1969 ;1i1c1 Moc1ific:d MI niotiols. ' 1 ' 1 1 ~  I . : ~ I I ; : ~ ~  ~ 1 ; ~ l n  \ \ r ( ,~+c not useil i11 ( h c  dclc!t'nli~i:ii:oil ( 1 1  , : ( ,  
ol)ticbal ~.cl'ctrc!~lcc ol.i,it. These "tilnin(; ctrrors" :~r.c! of  c ~ u r s c ~  luu Lo ii~~~ilocic~lcil o ~ ) : ~  ~. ' ;ii~i:iiior!~~, 
;111ci 1101 to s y s l c n ~  or  h;lrd\v:lrc cJ.1.ol.s : L I I ~  it1 thc cast1 01 tllci SAO 19(i!) 1notic3I ; k t . ( ,  o',~i~ioiiii:: C I : I ( :  
n1:iiiily 1.0 ii~:~dcclu;tt(%ly n~odclccl r c s o ~ ~ : ~ ~ i c ~ c >  i l l  Lh  : inlou~~l.  of ;~l)oul -10 111 :~loi~;:-t~*:ic'Ic. 
'I'lics results i l l  T;tblct 10 :ire consislc~11t will1 ~ ~ r c v i o u s  L:~l)lcs 0 1 '  ! ' i t t t ~ c l  :tliti  11 i>c \c l i ( , i c ' t i  oi,l,ils. 
Coi~sick~r-i11g r - ~ s u l t s  for Ijotli (;E;OS I allti 11, Lhcy sug~c t s t  L:I;I~ for 5 - ( j  ck iv  a r c s ,  v , ' c '  c . : l i i r i t ) i  
cc~l , l :~in of s ;~tc l l i tc  l)osiLioi~ Lo l)c!r.llnij:; 50-100 ~ n c t c r s  (will1 ~ )u l~ l i s i~cc i  grnvity niotit>ls) tiiii'ii!;: 
ti)(> pchriocl of ot~scrvaLio11. Thc ~ic.ctd for. in11)rovcci ;:.ravily nloil(~ls is t i ~ ~ c l ~ ~ ~ s t i o ~ i : l i ~ l t ' .  
F ' i g ~ ~ r c s  2 (n - c )  prcscnt the f i r s t ,  Lhirtl nncl sistli ci;~y plots of ;1101ig Ll*:~clc tiil'l'i;rc~iic.i~s !)it>- 
s e ~ ~ t c j d  i n  T:~i)le 10 lor thc lhroc I~ctst GEOS-I orbi ts :  Ihc> moclific.d Ki;hnlcin. thc mociific.ii .'liTJ%, 'F:-(j 
:11itl t . l i c b  SAO 1969. Figures 3 (a  - c )  prcscnt the nloilq Ltl-;lcic ciiffcrcnc.os !'or t h ~  S : ~ I I ~ P  1111:(i~1s 
t11c GEOS-11 April - M:xy :KC. Again 11ot.c th;xL thc ~no(lific!d M--1 :tnd SAO-1969 ol.i)its clii'lci. iq 
ove r  100 nlc tcrs  fnirly r eg~ l la r ly  for t)oth GEOS-1 and GEOS-IT c:onll)arisoils. 
F i i ~ u r c s  4 (:L-I) c~llL;~ill ;L plot ~:01111);tri1ig the  GEOS-I ~iiimotlificd Kiih~llciil i ~ i i r l  t l i ( ?  ~liociiil(>ti 
Kt')hnlcin along t r ack  diffcrc?nc:cs f o l  thc poriod lJuly 11 - l ( j :  1966. T l l ~  sis-day 1,ci'iocl (I!' i l i c 3  t i i f -  
I't.rc~lc:cs of t.hcb ulimodificcl mocicl c:lc;~rly iiicIic:;tLc t h ; ~ l  Liioy ;~ rc '  tiuc. to in:itl(~qu:~!.o 12111 (1riii.i- 
cooflit:icnLs. Addition of tho Gnl)osc:hlii11 ;~.nd V(. is  12111 orcl(\r l o r m s  ;:l~c~:ttly rc~lucc.rl tl-~i>sc> iiili 'r;~~.t~iic~t~s, 
On thc! I):lsis of Lhc r m s ' s  of f i ls  ( T a i ~ l c  7 )  wc? (:;LII say 1.Il:it Ihc. Kohill(~i~i ori~i!. w:~s  siii;i1ii'i:~ai1ilv i l l ) - -  
provc?tl. Similar  reducl io l~s  in  long t.r;~(:li cliflcrcnctts wc>rc sccn in no;~rly ~ v c r y  s~ic.11 c,[iiill!;iri.i()r;. 
of n~odificcl and ui~modific.tl modcls. Of (:ours(? Lllos(! gi.;t\lily nloclcls L11;1! cSont;~ill iio Gi.:OS ~.c.sc)i;:~!ii 
l c r m s  givc very poor rcsul ls .  
'I'able 10  
R m s ' s  01 1)osition L)I 1 1 < . l . ( ~ \ i c ' < ~ :  
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j I -  I
I 
I I ';A!) C ' O S ~ ~ A J I ( I I O .  i l .th) I i > I . < >  1 :-;110 l s~;!)  1 8.3 
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SECTION 4 
CONC LUSIQNS 
The most obvious (and 11ot s o  surpr is ing)  result  of this study 1s that resotiailce nlusk i,al :kc (u- 
rately modeled for precision orbit determillation. Both GEOS-1 and GEOS-IT orbits  were gr6satlv 
inlproved by using improved reso~lan t  coefficients. Also, the resonance ellect can be mtacicllcd ioe- 
a particular orbital a r c  by one o r  two "lumped" coefficie~its;  however, the generalaly of s u c h  a 
solulion i s  i n  question. The 1966 SAO M-1 12th order  coelficietits gave good resul ts  O V C ) ~  the  
December-January a r c  but a high r m s  of fit in the July arc. The Douglas and M a r s h  values iirr 
(14,13) greatly improved the April-May, 1968, GEOS-I1 orbi ts  but seemed to worsen the Sep,&enilzer, 
1968, SAO M-1 and 1969 orbits. The very good resu l t s  obtained when using the SAO 1969 model 
a r e  almost certainly due to the richly varied resonant orbi ts  used i n  the derivation ol ihss model, 
Based on the resu l t s  presented in th is  study, the SAO 1969 geopotential model is a sigraifieant 
improvement over the 1966 SAO M-1 model, and i s  the most accurate model published to date, Yet 
improvement is st i l l  possible; note the unnlodeled resonance effect in Figure 1 and the superior 
orbital  prediction given by the modified M1 model for GEOS-11. 
The goodresults  obtained with the nlodifiedK6hnlein and Rappand the SAQ 1969 also rlidecati. L i a ~ t .  
gravimetric data may be used to  good advantage in perfecting geopotential models for satellite 
orbit determination. As noted by Douglas and Marsh (Reference 12), the resul ts  for the Fohellea:~ 
and Rapp models demonstrate that gravimetric data has  provided es t imates  of 12th and 13th  order 
coefficients that remove much of the resonance effect for the GEOS satellites. 
Finally, we a r e  forced to conclude that even with the best available gravity models al:d observing 
equipment, satellite position along-track i s  uncertain a t  various points on the orbit by 50-1 00 raacltcrs 
for 5-6 day a r c s .  A degradation will he observed for longer a rcs .  
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Comparison of the SAO- 1969 Gravity Field with Surface Gravity 
William E. Strange 
Computer Sciences Corporation 
803 West Broad Street  
Fa l l s  Church, Virginia 
Introduction: 
The gravity field representation produced by Smithsonian Astrophysical 
Observatory (SAO) in 1969- 70 (' I '  ( 2 )  f r o m  a combination of surface and 
satell i te data has  been judged to be the most  accura te  representat ion of  the 
long wavelength components of the ear th ' s  gravity field now available. T h i s  
SAO 1969 gravity field consists of spherical harmonics through degree and. 
o rde r  16 with some higher degree resonant and zonal harmonics.  The super- 
iority of this field over previous determinations of the gravity fields has been 
attested to by the better orbits produced using i t  ('I' (J) by some comparisons 
with surface gravity (2 ) and by the increased correlat ion between known 
geologic parameters  and the gravity field. The objective of this paper is  
to c a r r y  out a m o r e  cr i t ical  comparison of the SAO 1969 resul ts  and surface 
gravity than those previously reported in  order  to bet ter  establish the degree 
of accuracy of the SAO 1969 gravity field. 
Basis  of Comparison 
In carrying out comparative analyses between surface gravity. data and 
the SAO 1969 solution several  fac tors  must  be kept in mind. These factors are: 
(1) The surface gravity information must  be smoothed in such a wa.y 
that i t  i s  comparable to the satell i te resu l t s  before valid comparisons 
can be made. 
( 2 )  Surface gravity information var ies  a s  to i t s  accuracy. 
(3) Surface gravity information was used in  deriving the SAO resul ts ,  
Satellite derived gravimetr ic  resu l t s  in  the fo rm of coefficients 06" terms 
of low degree and order  in  a spherical harmonic expansion produce a sm.sothed 
or "averaged" representation of the ea r th ' s  gravity field. To a ve ry  close 
approximation a smoothed satell i te field represented by harmonics through 
degree and order  n i s  equivalent to averaging surface gravity over a r e a s  
having dimensions of (180/n) degrees  in latitude and longitude. The 1969 
Smithsonian Standard Ear th  (11) gravity field, (2' having t e r  m s  through degree  
ard orcier 16 should, therefore,  be compared with surface gravity averaged 
over 11: 3 by 11: 3 squares .  Because of the nature of the available surface 
oravity data i t  was more  convenient to obtain surface averages over 10' by 10' i9 - 
or 12' by 12' a reas .  This is  believed to be sufficiently close to the co r rec t  
a rea  averaging so a s  to introduce no significant e r r o r .  
It, i s  well known that the accuracy of mean values of gravity computed 
f r o m  surface data vary greatly over the ea r th ' s  surface.  The mean gravity 
values in  well surveyed land a r e a s  can be  expected to be considerably more  
accurate than those in  almost  a l l  ocean a reas .  This i s  t rue  because ( a )  the 
8ensity of coverage i s  grea ter  in  the land a r e a s  and, (b) individual observation 
accuracies  a r e  grea ter  for land than for shipboard measurements .  The 
uncertainties involved in  using oceanic gravity data a r e  well i l lustrated in 
Figure 1 where profiles of mean surface data a s  estimated by two different 
groups of investigators (')' ( 6 )  a r e  compared for a profile a c r o s s  the North 
Atlantic, one of the best  surveyed ocean areas .  As may be seen, the two 
est imates  of mean sur face  gravity anomalies differ f r o m  one another by a s  much 
as  they differ f r o m  the SAO 1969 gravity result .  To adequately test  the SAO 1969 
satellite gravity resul ts  i t  was, therefore,  decided to use only non ship derived 
surface gravity data, pr imar i ly  land data. 
Surface gravity data was used by SAO in deriving the 1969 Standard Ear th  
solution, Thus an  adequate tes t  of the overall  accuracy of the SAO 1969 solution 
on a worldwide bas is  required that comparisons be made in a r e a s  other than 
those from which significant amounts of surface gravity data were  used in 
deriving the SAO 1969 solution. The comparisons reported in this paper were  
made (a )  along a profile in the continental United States,  (b) along a profile in 
northern Canada, and (c)  for individual points located in the Arctic Ocean, 
Australia, and India. The U. S. profile was chosen to represent  an a r e a  f rom 
which a la rge  amount of accurate  surface data (although not the data used in 
this comparison) was used in the SAQ 1969 solution. The profile in  nor thern 
Canada was chosen to represent  an a r e a  just beyond the boundary of an area 
where la rge  amounts of accurate  surface data was available for  the SAO 
solution. The Australian, Indian, and Arctic a r e a s  were  chosen as areas 
where accurate  surface data had recently become available but where no signi- 
ficant amounts of highly accurate  surface data were  used in the SAO 1949 solution. 
Results 
The resu l t s  of the comparisons which were  made a r e  presented i n  Figures 
2 and 3 and Table 1. Figure 2 presents ,  in  the f o r m  of a profile along 40" 
north latitude, a comparison of the f r e e  a i r  anomaly profile derived from the 
SAO 1969 resul ts  and a surface gravity profile obtained by computing 10" by 10' 
mean f r ee  a i r  gravity anomaly values a t  5' intervals using the surface gravity 
data  f r o m  Strange and Woollard . The degree of agreement  i s  str iking,  with 
a mean difference of * 2 mgals and a maximum difference of 4. 5 rngals, Since 
l a rge  amounts of surface data f rom the United States with reasonably high 
accuracy was used in the SAO 1969 solution rather  good agreement  was to be 
expected for this profile. Nevertheless,  the degree of agreement  exceeded 
what one might have reasonably hoped for  and indicates that in  carrying out the 
combined solution i t  was possible to model the available surface data extremely 
well. 
Also presented in  Figure 2 i s  a profile of 2' by 2' mean f r ee  a i r  an.omalies 
computed f r o m  the surface data. This profile i s  presented both to i'klustrate 
the need to average the surface data in  a compatible manner before comparing 
with satell i te resu l t s  and to indicate the amount of information content available 
in  the shorter  wavelengths of the gravity field which a r e  not obtained from 
present  satell i te solutions. 
Figure 3 presents  a comparison profile of surface gravity data and the 
SAO 1969 resu l t s  along 59' north latitude in Canada. The surface gravity da t a  
i s  in the f o r m  of 12' by 12' mean f r e e  a i r  anomalies which were  cornputed at 
6' intervals using the recent  compilation of surface gravity data of Canada by 
the Canadian Dominion Observatory ( 8 ) .  Although some Canadian surface 
gravity data was used in deriving the SAO 1969 resu l t s  i t  could not, considerdng 
the year of i t s  origin, have been nearly a s  accurate  a s  that used to der ive 
zhe; surface gravity profile in Figure 2. The remarkable  agreement  noted i s ,  
therefore,  a m a r k  of the overall  accuracy of the SAO 1969 resul t .  Again the 
RMS difference between the surface gravity data and the SAO 1969 resu l t s  i s  
I t tZ  mgals,  
Table I presents  a comparison of 10' by 10' mean values of f r ee  a i r  
gravity anomalies in India, Australia,  and the Arct ic  Ocean with point values 
cbkained f r o m  the SAO 1969 resul ts .  Point comparisons a r e  made in these 
three a r e a s  because insufficient high quality surface data was available to 
compute a profile. All of the surface data used in  Table 1 represents  recent 
compilations of data ('I9 'lo) which were  not used in deriving the SAO 1969 
resu l t s ,  It does not appear that sufficiently extensive or  accurate  surface data 
w a s  available in  these three a r e a s  when deriving the SAO 1969 solution to have 
exercised any strong control over the final resul ts ,  As may be seen f rom 
Table 1, the maximum difference between the mean anomalies derived f r o m  
sc r face  data and f r o m  the SAO 1969 solution i s  1 6  mgals  with the average 
difference being f 3 mgals. Again the agreement  i s  exceptional. The agree-  
n ~ e n t  f o r  the Arct ic  stations a t  latitudes up to 80' N i s  particularly significant 
since the zonal harmonics make the dominant contribution to the SAO resul t s  
a; high latitudes and the comparisons a t  these latitudes can be taken a s  
indicative of the accuracy of the zonal harmonics.  
G onclusions 
Previous comparisons of surface gravity and the most  recent  SAO 1969 
combination solution ( 2 )  have indicated that the RMS differences were  of the 
order of f 8 . 5  to f 10 mgals. On the basis  of these comparisons i t  has  been 
generally felt that the accuracy with which the SAO 1969 solution represented 
average values of gravity over a r e a s  of dimensions of approximately 1 lo by 11' 
was about 8 to 10 rngals. However, the comparisons with carefully selected, 
high accuracy surface data presented he re  indicate that the accuracy with 
which the SAO 1969 solution represents  11' by 1 1' mean gravity anomalies i s  
in  all probability m o r e  nearly in the range of + 4  to rt 6 mgals. 
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DERIVATION AND TESTS OF THE GODDARD COMBINED 
GEOPOTENTIAL FIELD (GSFC 1.70-C) 
James P. Murphy 
James G. Marsh 
ABSTRACT 
A geopotential field complete to degree and order fifteen has been derived by combining iiftecn 
separate determinations of spherical harmonic coefficients. Among the fields combined were ones 
obtained from Doppler data, optical data, Doppler and optical data, optical and terrestr ial  data, 
optical, Doppler and terrestr ial  data, andsmall sets  of coefficients obtained by methods of rcso~iarlt  
satellite geodesy. 
Several tests  of the combined gravity field were performed. The maximum difference betwren 
degree variances, oj , obtained from this field and the corresponding ones obtained by %ula In  
1966 from free-air gravity anomalies is 4.5 m gal2. The corresponding maximum difference 01)- 
tained with the Smithsonian Astrophysical Observatory (SAO) 1966 Standard Earth was 9.9 ~r-, gal'. 
After special resonant coefficients previously determined for the Geodetic Earth Orbiilng Satielllte 
(GEOS) I and II were substituted into the combined field, fits to six-day a r c s  of precisely reduced 
optical data were made. The r m s  of the fit to the GEOS I data a r c  was 2!'3 which was thc i ~ s t  Iri 
among eight published fields considered. For GEOS 11, the r m s  fit of 2!'9 was second best amoilg 
the eight fields. The SAO B13.1 (1969) model was used to obtain a fit of 2!'3 for this GEOS 11 arc .  
For GEO15 orbits 1" is approximately equal to 7 m. Some additional improvement to the  frts wcrc 
realizedafter the resonant coefficients(degree, order)  = (13,12) and (13,13)were allowed to adlust. 
DEEXVATION AND TESTS O F  THE GQDDARD COMBINED 
GEOPOTENTIAL FIELD (GSFC 1.70-C) 
INTRODUCTION 
The potential of the ear th  a t  a point with spherical coordinates (r,, ,, ), in an earth centered 
rotating coordinate system may be given by 
This  form of the potential i s  the recommended form for axially asymmetric  (zonal, t essera i ,  :iim 
sectorial  harmonics) cases,  Reference 1. In equation (I),  1, is the product of the gravitational 
constant. G, t imes  the mass  of the earth, M, and a r  i s  the mean equatorial radius of the earth, 
The Legendre associated function, P 
, 
( s in  c, ), is defined by 
Instead of using the - spnerical harmonic coefficients C, and S,, , the fully normalized e l e f -  
. 7 1  
ficients C and S ,,, have been adopted for this work. They a r e  related to  C ,, and S c o r i -  
ficielits by 
where 
and where K =  1 f o r m  = 0, a n d K =  2 for m d 0 .  
Combined geopotential fields based upon four individual solutions for the geopotentral have 
been published, Reference 2. The f i r s t  such field, C, appearing in Reierence 2 was obtained by 
taking an arithmetic mean of these four solutions which were obtained from satellite trackli~i:  data. 
The second field, CA, was obtained by taking field C and combining it with t e r r e s t r i a l  jiravl;y data. 
In this  paper Professor  Kaula stated that an arithmetic mean of different solutions from saeellrte 
data i s  superior to any single solution and a combination of satellite and t e r r e s t r i a l  so lu t~ons ,  
such a s  solution CA, should be superior to either solution alone. He also suggested that such a 
combination should be made when more solutions a r e  available. 
1.i ?h,s gaper we will form such a combination solotior? Sascd upon eleven complete solutions 
and fcur partisi solutions for the geopotential. This solction is not completely analogous to either 
of the s o l u t ~ o r ~ s  C or CA of Emla .  It i s  an arithmetic mean of individual solutions a s  i s  sojution 
C however, the individual sclaiions a r e  made up of deterrninatioris basedupon satellite data and 
opes based upon both satellite and t e r r e s t r i a l  data. Thus, t h ~ s  combined solution is an arithmetic 
mean of soluelons of the type C ar,d CA. 
I N P U T  GEOPOT'ENTUL FIELDS 
Tlie :ieids used in obtaining the cornbiiled geopotential field are of various types. They include 
fields obtained solely from satellite data. These satellite determined fields include ones obtained 
from optical observations, Doppler observations, and both optical. and Doppler observations. There 
are also fields represented which were determined from both satzllite and t e r r e s t r i a l  gravity data. 
In addition to these b e  types off ields,  va,l-ious s e t  of coe f  icients determined from satellites in 
resonant orbi ts  were used in obtaining the c ~ m b i n e d  field. Tbcl part icujars  concerning these input 
fields arc contained in Table 1. 
Table 1 
Gravity Fields used in the Comloinztion Solution 
I t I Reference  
, - - . ---l-__ 
\LLI. 5E-8 
AllL.  2 . 5  i :,A(; +I. 1 
I !<,,l',,,lt,,,, 
! ;I ~ 1 . i  UCLA 656 
i? .~p\ ,  I'lr,7 
!?.:);,~ 1:Ir i 
\xd.ic,lt,r 
(tnjir~sl-h;.in i, Vcis 
* ?'. 
b,,d<~:,rl! 
No. of Sntellltes 
- - 
i 
5 
1 G 
16 
9 
C , ~ , , , , > l , ~ t ~ .  1%) ( l r i , l F )  
C ~ I I I I ! > I < , ~ < ,  : I  1 1 4 ~ i 4 !  
C , , : I I ) ~ ; L , ~ ~  : , I  i i4,141 
Rr,ionniit C u r l f l c ~ e n t s  (2.2).  13.3) 
Ilc,ui;:i!it Ci,eIfic~ei!ts 113.i2). 114,12), (15.12) 
i;ll.so'~.i:!t C t ) ~ f f ~ c i e n t ~  (13.13). (15.13). (17.13) 
RCSIIII:IIIL Cueilicient (14.13) ti) be used w ~ t h  A P L  
riot lfi~sc~ill.: l i i  A p r i l  1968 fo r  GEOS Il 
The ~"esul t  of taking the arithmetic mean of these fields appears  in  Table 2. Note however, 
that the combined field, GSFC 1.73-C, s o  obtained was truncated after  the t e r m s  of fifteenth degree 
arid order, U t e rms  of higher degree were ay~eraged, there would be only a few contributors. A 
var1et.y of: tests  conducted using this combined field a r e  discussed in the next section. Tes t s  were 
mad? with ti le remaining geodetic constants ( z o ~ a l s ,  earth radius, etc.) equal to those adopted for  
the SAO 1966 Standard Earth, Reference 3. For convenience they a r e  also listed in Table 2. 
Table 2 
Earth Motiel 
S t Y  I Y A J O R  A X 1  S 
( M E T E H S )  
G R A V I T A T I O N A L  C O h S T A N T  
( M E T E R S * * ~ / S E C D N D S + * ~ /  
*UNIT EQUALS TEN TO 
MINUS SIXTH POWER 
TESTS AND EVALITATION O F  THE COMBINEC! FIELD 
Several tests  of this new model have been made. The f i r s t  liair of these were concerned with 
the fit t o  six day a r c s  of precision reduced optical d-zta for GEOS I and GEOS D. The fits were 
made without alld then with special values for resonant coefficients for the two satellites. For GEOS I 
the resocant coefficients were those obtained by Gaposchkiil and Vcis,  Reference 13; and for 
GE3S If the resonant coefficients were those obtained by APL, Rtbference 14, and Goddard, Refer- 
ence 15, Cnaracteristics of these two satellite orbits a r e  given i n  'Table 3. 111 Table 4 there appears 
a list ciP resonant coefficients obtained previously for these two s~~tel l i tes .  The combined field was 
then tested in  orbit computations with and without resonant t e rms  against some of the fields that 
were ijsed in  deriving it. After these tests  were completed, the comk>:ned field was truncated in 
the followii>g manner. All the coefficients of degree greater thar, eight with the exception of those 
of order twelvel  thirteen., fourteen, and fifteen were deleted from t h e  !'i,eld. Tho same orbi'c cleter- 
minaiioi; r u n s  were then repeated for this adjusted field, GSFC I ,'iO-'T. 
Table 3 
GEOS I and GEOS I1 Orbit Chsractcris!lcs: 
I-- -- - - - - - -- i 1 GEOS 1 CEOS l i  I 
1 s e m i  inajor axis 
/ sccentr ic i ty  I inclination 
I ar~:umc~it of per igee  
I 1 r ight  ascension of 
ascending node 
mean anomaly 
epoch 
resonant  harmoilics 
resonant  period 
per igee  height 
apojiee heisght 
224:'l 
July 11, 1966 O"0"' 
12th o r d e r  
7.3 days  
1130.6 km 
2268.9 km 
Alx-i l  28, 1968 17" 56"' 
13 th  cir~!i.r 
6.5 & t y s  
1071.8 Lni I 
1574.1 A*:: I 
-_.- 
vain r,.rc ,&US 
h l l \ . l < l N  h l l 1 i i l  C I I I I - Y  A N A L Y S I S  DIVI5IUN 
i,nuiu i,,.. ,I.,,, o 4 5 s 7 p  
,!" h, ,,,,, 4," ".% .,,\ b , , ,"TN2,  - - ? , " I  
Table 4 
Resonant Coefficients for GEOS Sat.ellites 
* *  
APL B, GSFC 
The f i t s  to the data for the six day GEOS E and GEOS Pa: a r c s  with the GSFC 1.70 C and GSFC 
1.70T geopotential fields appear in Table 5. Also presented in Table 5 a r e  fits obtained Prom 
previous studies, Reference 16, for the same orbital a r c s  using some of the complete fields used to 
derive the combined field. For the orbit computations involving the SAO B13.1 field, the recorn- 
mended set  of zonals, Reference 17, adopted for the 1969 SAO Standard Earth was used. Two 
points can be made concerning this table, First,  after the resonant coefficients for these two satel- 
lites a r e  inserted into the field, the fit to the data with the combined field i s  better than that of any 
other field for GEOS I, and for GEOS D the fit using the combined field was second only to  the SAO 
B13.1 field. Secondly, after the field is adjusted so  that it has only about forty percent cf the t, ~ r m s  
that the original field had, the fit to the data remains about the same. 
Table 5 
Rms's  (Secls of Arc) of Fitted Orbits for Six Day Arcs of Optical 
Data from GEOS I and GEOS II when Different Gravity Models 
a r e  used with and without Resonant Coefficients* 
I SAO M I I 19.04 2.52 1 17.36 3.08 1 108 1 
Geopotential 
Model 
SAO B13.1 
Kohnlein 
Rapp 1967 
NWL 5E-6 
APL 3.5 
Kaula 1967 
GSFC 1.70C 
GSFC 1.70T 
*NOTE 1 " equals approximately 7 m. 
GEOS 1 
without with 
Certain coeff~cients in the combined field were adjusted using optical data in the six day arcs 
referred to in Table 5. Other coefficients were adjusted using accelerations from seven twenty- 
four hour satellites in the Syncom, Intelsat and ATS (Applications Technology Satellite) series of 
spacecraft. These accelerations had been prepared by Mr. C. Wagner for use in some of his deep 
resonance studies (see Reference 12, for example) and made available for this work by him. Values 
of the original and adjusted geopotential coefficients using these data appears in Table 6, The 
second and third degree sectorial harmonics were improved with the sectorial harmonic of degree 
four and the tesseral  harmonics of degree three order one and degree four order two which a r e  
also sensitive for the accelerations held fixed to the values for the coefficients appearing in the 
combined field. 
GEOS 11 
without with 
Number of 
Coefficients 
Table 6 
Adiusted Coefficients* 
1 Term I A  ~ r i o r i \ ~ m ~ r o v e d l  Satellite (S) I 
ATS 1,3,5, INTELSAT 1,2-F3, Syncom 2, 3 
GEOS I 
GEOS IH 
* 
- 6 i\/\uliiply all coefficients by 10 
When the twelfth order coefficient was adjusted, a two second of a r c  fit was obtained for the 
GEOS 1 arc, The corresponding improvement to the f i t  for the GEOS II a r c  was only a few percent. 
The RMS e r ro r  to the twenty-four hour accelerations for the low degree coefficients that a r e  sensi- 
tive to  these accelerations appears in Table 7 for the SAO 1966 Standard Earth, SAO 1313.1, SAO 
1969 Starldard Earth, GSFC 1.70-C and GSFC 1.70-C with the adjusted sectorial harmonics. 
It may be concluded that based upGn the results so  far, the GSFC 1.70-C field modified with 
the SAO, APL, and Goddard GEOS I and II coefficients, Table 4, further modified with the adjusted 
coefficients of Table 7 might be the best field to be presented here for satellite orbit computations. 
Ii speed of computation becomes a factor, the analogue of this field based upon GSFC 1.70-T might 
be used with some srnall sacrifice in accuracy of conlputations instead of GSFC 1.70- C. 
Table 7 
Fits  to 24 hr  Satellite Accelerations 
SAO B13.1 
1969 SAO Standard Earth 
GSFC 1.70-C 
GSFC 1.70-C + Adjusted Sectorials 
M&$A CSPC T&OS 
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As a means of further testing the orbital solutions obtained with the GSFC 1.70-C and cl~e 
modified GSFC 1.70-C gravity models, satellite position differences were computed using the 
orbits based upon the SAO M-1 (1966) model (modified by GEOS-I and GEOS-I1 resonant lerrns) 
and the more recent SAO B13.1 model as standards. 
TPe position differences were computed a t  five minute intervals and were resolved 11lto radrae. 
along track, and c ros s  t rack  components. The differences were computed using the unit vectors 
H ,  L ana C ,  respectively which were calculated from the following relationships: 
- - - 
where n - i s  the vector from the geocenter to the satellite, 
R i s  the distance from the geocenter to the satellite, and 
v is the velocity vector of the satellite. 
- 
The RMS of satellite position differences for  the respective GEOS-I and GEOS-I1 orblaa4 arcs 
a r e  presented in Table 8. The largest position differences were along track for  both the GEOS-I 
and GEOS-I1 orbits which was not unexpected due to poorly modeled resonance. These along t rack 
position differences were reduced significantly when the GSFC 1.70-C model was modified ~y the 
Gaposchk-n-Veis 12th order  coefficients for  GEOS-I and the APE and Goddard 13th order  eo- 
efficients for GEOS-II. As indicated in Table 8, the RMS of the along track position differences 
between the GEOS I and GEOS I1 SAO M-1 standard orbits and the orbits computed wlkh the modr- 
fied GSFC 1.70-C model were on the order  of 25 meters .  The RMS of the radial and crasstracl.r 
position differences were on the order  of 10 meters  o r  l e s s  for  a l l  cases. The cornparasons be- 
tween the orbits computed using the GSFC 1.70-C modified models with the coefficients (13,121 
adjusted for  GEOS-I and (13,13) adjusted for  GEOS-11 showed an  increase in the along track com- 
ponent of 8 meters  for  GEOS-I and 1 meter  for  GEOS-11. This  i s  consistent with the RMS of fits 
presented in Table 5 and the fact that adjustment of (13,13) for  Geos I1 resulted in very little ch?-lige 
to the o r b ~ t a l  fit. 
Although the RMS of fits for the GEOS-I orbital a r c  were within .3 a r c  seconds for  the SAO Bi3, l  
orbit and the GSFC 1.70-C orbit (2.56 a r c  seconds vs. 2.30 a r c  seconds as shown in Table 5)  the 
trajectory comparison presented in Table 8 shows that the RMS of position differences were on the 
order  of 67 meters .  
Table 8 
Satellite PoslLion (7oi?lparisons 
GEOS 1 July 13 -16, 1966 
GEOS HI Apr-il ZS.-May 4, I968 
SAO M 1 (Xodified)' 
v s  
I I ! ,  ( L . I ( P )  :~rtd CSFC (1969) 13th order  terms 
- .  - - - -- - --- 
I SAO B13.1 
I V S  i . .  . . . . . . iiiii 1 . . . . - . -1 
1 :;!,;<>;; ' . ,: 4 -, ! ,- I 9 1 7 . 3  59.0 J ~ 2 , i .  : 1 5 9 . 3  1 
\ i;;li,os\:ll~ri!~ a!:d Veis 12th order  t e r m s  I I 
1 Gc< ;I ,; <.(.;!*,:,' 1 , ' ig -C 4 i j 
i I 
! .'i ' i  ! !!itla! al~d GSFC (1969) 13th nrder te rms!  20.5 17.3 7 5 6  '78.6 j .!e8,2 
L. . - ._... _. . _ . _ . _ _ _ _ _ _ _ I _ _ _ _ _ _  i ---- i-Li 1 
RMS Position Difference (mcttc;*s) h.l,ucimurn I 
~aci-oztrack Alongtrack i T a  Difference 1 
- ,, 3. . - a  ! . i :. ~ no::h~in and Veis 12th order terms for Geos I Comparison::. 
, $ .  , . , r , i , : ,  . . F i(:S) Is th  order terms for Geos ! f  Porr.pcris::rs. 
A-- 
7.0 / 7.8 
. , . 
: 1 .  iff,!.. . pclilit the  GSFC 1.70C fieid has becn tested sgai.nst other fficlds usink; several  s3teliites 
iii d l . ; ;  7i:t 24l-i:. >.;il:iis and the GEOS satellites in  this close, resonant and drag f ree  orbits.. The 
,I.-,c .. . . i  ;r:,sr ' ,!i I:i.c, ~nndel. -,viIl involve orbit computatiofis using tracking data from the Orbi.til.:g Geo- 
.'L.c..(.) i -)I\, , , :ftpr :.13y..fl ,.- , .,-.,, -, y ( 0 5 0 - 4 )  sateliite. Fi ts  to six two day a r c s  or^  Minitrack and Gotldard Railge 
.:ncX i: !ii,;i "-.:!lr. c.hLa (.!sing NTJ'I, 5E-5, SAO MI, SA.O R6.1., and GSFC l. ,79C a r e  presenteii i n  'fable 9. 
82.8 133.4 1 139.7 
I 
' i s, icns cf 0GG-4 data is of particular interest for  a cumber of reasons. In the i ~ r s t  
I 4, J L, c:, ,lot used 111 derlving any of the models discussea in this  paper. This  satel lne 
1 4 a -  bi> 6 ,   lose earth orbit (a=70%3.4km, ez.03492, 3=-86~00) with only modest drag and 
A:. 1 . i L Li 2 (150 n:) is ideai for sampling the total gravity held. 
f i b  j 1 1 ~ i   ~ p 3 r i s ~ n s  similar to  the ones made for xhe GEOS orbits have been also n a d e  us j~ ig  
{!I,- g + C r h ,  1 r:, discussed above. 111 this case we were interested in the overlap fegicn of s u  ces- 
?i+c i ~ j ~ i ~ , c ; l l  arcs .  The resul ts  of these orbital cornparlsons appear in Tabie I 0  for  the 
\1v:il g , 8 i!: h i i ,  SAO B6.1 and GSFC 1.70C models. 
0 6 0 - 4  RhiIS of Orbital Solutions 
Data Arc and Number 
R=59, RR=59, 4 =m=27 
I 
8/17/67 and 8/18/67 
R=55, RR=54,8=m=33 
8/21/67 and 8/22/67 
R=85, RR=82,4 =m=38 
8/22/67 and 8/23/67 
R=101, RR=98,4 =m=36 
8/26/67 and 8/27/67 
R=78, RR=78,4 =m=34 
8/27/67 and 8/28/67 
R=98, RR=97, 4 =m=36 
Model 
NWL 5E-6 
SAO MI 
SAO B6.1 
GSFC 1.70-C 
NWL 5E-6 
SAO M1 
SAO B6.1 
GSFC 1.70-C 
NWE 5E-6 
SAO M1 
SAO B6.1 
GSFC 1.70-C 
NWL 5E-6 
SAO MI 
SAO B6 .1 
GSFC 1.70-C 
SAO MI 
GSFC 1.70-C 
SAO MI 
GSFC 1 .TO-C 
Range 
84 
63 
60 
5 4 
150 
9 0 
72 
6 0 
126 
6 9 
60 
48 
1 02 
54 
66 
45 
8 1 
72 
8 1 
7 5 
Table 10 
060 4 Orbital Comparisons 
Range-Rate 
(cm/sec) 
Direction Cosines 
1 (mils)  , rn(rni1s) I 
The besL orbital f i ts  for practically every rwo day a r e  were obtained when the CSFC 1.70C 
model was used. In several  instances "ehe RMS fits for the Range data were a factor of two lower 
than iiiose obtained with the I\WL 5E-6 model and the fits to the range ra te  data were a s  much a 
lactor of three lower in some cases ,  
Srmiias resul ts  were obtalned from the orbital overlap comparisons. The resul ts  presented 
7 1 Table 10 rndlcate that the smallest  tokai RMS position differences were obtained for every case 
l~.rheiz Iho GSPC 1.70-C model was used, Although rn general smaller  position differences were 
obtained i c ~ r  all components, the largest reduction was observed In the crosstrack component with 
the GSFC 1,78C c ross  t rack differences on 8/22/67 a factor of six smaller  than those obtained using 
*he hJVL 5E- 6, model. 
Arthough a study of this nature has  not been performed for  the OGO-6 satellite data ( 0 6 0 - 6  
crbllal paralnaters a r e  quite s imilar  to those for  OG0-4) it i s  anticipated that the resul ts  of such 
a study wcwld be comparable to  those presented in Tables 9 and 10. That is, we ~vould expect the 
overlap e r r o r s  to be seduced significantly, 
Tit c ~ m b i n e d  lield was compared to t e r r e s t r i a l  free-air  anomalies and to other geopotential 
iields thso?rgh ccnsideratioa of degree variances. The degree variances computed from the te r -  
=ns t r ln l  data were obtained frorn Reference 2. The degree variances, , for the various geopo- 5 
tenrial fields were obtained f rom equation (4) which is based upon an  analysis of gravity appearing 
rn RcCcrcnzc ?,8. T~YJE, 
where i s  the mean acceleration of gravity. These degree variances for  the input rields, GSFC 
1 -70-G gsavirnetric, and for  the SAO 1969 standard earth, Reference 20, appear in Table 11. 
In Table 12 there appears  an  RMS coefficient difference between GSFC 1.70-C and the various 
,9 
other geopoteiltial fields. By both of these methods of comparison GSFC 1.70-C compares very 
well with Kohiilein's field. Good agreement between GSFG 9.70-C and Kaula CA, SAO B13.1, 
Rapp 67, and Rapp 68 on the two means of comparison a r e  obtained. 
Tile mean degree variance, G i  , is given by equation ( 5 )  for  a se t  of non-zonal harmonics. 
Thus, 
whex e a/ is the number of pa i rs  of non-zonal harmonics of degree 4. In Figure 1 a plot of the 
log of 10'' t imes  the mean degree variance for  1.70-p7 versus  the log of the degree is shown. 
The rule of thumb that the size of a normalized gravity coefficient of degree 4 is /" is ad- 
hered to closely by the data points in this figure. The straight line so  obtained is in good agree- 
ment with one presented in Reference 19 for NWL -8 D by Anderle and Smith. 
Finally, a geoid map based upon GSFC 1.70-C and the other constants in Table 2 is gi.r;en in 
Figure 2. 
Table 11 
Degree Variances D; (m gal2) 
Table 12 
RMS Coefficient Differer~ce 
Between Fields 
GSFC 1.70-C RMS Difference 
and 1 (unit i s  
'1 
NWL 5E-6 
ARL 3.5 
SAO MI 
Kohnlein 
Kaula UCLA 656 
Kaula CA 
Kaula K8 
SAO B6.1 
SAO 1313.1 
Rapp 67 
Rapp 68 
SAO 69 S.E. 
I A 1 
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Figure 1. Mean Degree Variances, 
m 
for GSFC 1.70-C. 
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Figure 2. Geoid undulations from GSFC 1.70-C solution i n  meters .  
COMMENT AND CONCLUSIONS 
Several possible conclusions with regard to the performance of the colaibined gravrlt i!c.lci 
for orbit computations car, he made. 
1. After tho p,-oper resonant t e r m s  a r e  inserted in the combined field, the fit to  the t r a c k i : : ~  
. 
data i s  a s  good o r  better than the f i ts  obtained with any of the fields used in composirii: i t .  
2 .  The truncated field with 6 p 0  fewer coefficients f i t  the data almost a s  well as ; ~ f i y  of the 
f ie lds  tested. This  implies that a 607 savings in computer time for trajectory in tegra t~an  coula be 
realized over a (15 x 15) field with GSFC 1.70-T for  some satellite prediction problems. 
3 .  Adjustments to the resonant coefficients were small  for both GEOS-I and GEOS-II. Th is  
s eems  to indicate that thc complenlent of the field with respect  to these resonant coefficients 
represents  the gravity field adequately. 
4. Comparisons of 1.70-C with other fields from the point of view of satellite position errors, 
degree variances, and geoid maps a r e  favorable. 
5, C5ic tracking data processing car r ied  out in this  study was accomplished using the NQNAME 
(orbit aan geodetic parameter  estimation) system, Reference 21, which includes all satellite per-  
turba,l<,iL: srlch a s  lunar-solar gravitation, solar  radiation pressure,  etc. l o  the required degree of 
aacLaracy., 
6- PI ofessar Kaula's conclusio~l concerning the superiority of the arithmetic mean of different 
s o l , ~ i ~ t ~ i s  -11) single s ~ l u t i o n  has been reexamined using several  additional models. 
'J'.. i-:~al? i~ Mr .  C a r l  A. Wagner for making accelerations on several  twenty-four hour satelli.tes 
aiall ,~i , , t  L O  WE-. also thank him for he?p iil the analysis of those accelerallons wi th  regards  to 
t i le  3 I?" , . I (  ,it 0: low r?.egree coefiinieccs. 
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REDUCTION O F  ERRORS I N  COMPUTED S A T E L L I T E  O R B I T S  
DUE TO UNCERTAINTIES I N  GRAVITY C O E F F I C I E N T S  
R. J. A n d e r l e  
N a v a l  W e a p o n s  L a b o r a t o r y  
D a h l g r e n ,  V i r g i n i a  
FOREWORD 
Satellite observations have been used to determine over 200 terms in 
the spherical harmonic expansion for the earth's gravity field. This 
paper was prepared for presentation at a meeting sponsored by the National 
Aeronautics and Space Administration to review the results of observations 
of the GEOS I1 satellite, the last satellite launched specifically for 
geodetic applications. The paper indicates the contribution the GEOS I1 
satellite made to the computation of precise satellite orbits, the needs 
for additional satellite observations to continue this work, and the orbit 
conditions which would contribute best to further refinement of the gravity 
field. 
Observation of the  GEOS I1 s a t e l l i t e  and extensive r e l a t e d  research 
i n  s a t e l l i t e  geodesy have permitted considerable improvements t o  be made 
in the  accuracy of computation of s a t e l l i t e  o r b i t s .  However, computed 
s a t e l l i t e  o r b i t s  s t i l l  do not  match s a t e l l i t e  observations due t o  remain- 
i ng  e r r o r s  i n  the  g rav i ty  f i e l d .  Furthermore, the  recent  advances made 
i n  s a t e l l i t e  geodesy suggests add i t iona l  d iscover ies  a r e  l i k e l y .  Launch 
of  addi t ional  geodetic  s a t e l l i t e s  a r e  the re fo re  highly des i rab le  t o  permit 
fu r the r  advances t o  be made i n  t h i s  f i e l d .  The next geodetic  s a t e l l i t e  
would make maximum contr ibut ion  t o  s a t e l l i t e  geodesy i f  i t  were launched 
a t  Isw i nc l ina t ion .  
Simulated E f f e c t s  of Gravi ty E r ro r s  
Surface g r a v i t y  measurements and s a t e l l i t e  observa t ions  have shown 
t h a t  t h e  expected s i z e  of a  f u l l y  normalized g r a v i t y  c o e f f i c i e n t  o f  degree 
N i s  ~ o ' ~ / N ~ .  Malyevac (1970) showed t h a t ,  excluding resonance e f f ecf s , 
a l l  randomly generated s e t s  of g r a v i t y  c o e f f i c i e n t s  obeying t h i s  decay 
law would produce e f f e c t s  on computed s a t e l l i t e  o r b i t s  which a r e  e s s e n t i a l l y  
t h e  same i n  magnitude. It was t h e r e f o r e  p o s s i b l e  t o  compute t h e  e f f e c t  on 
a  s a t e l l i t e  o r b i t  of neg lec t ing  g r a v i t y  c o e f f i c i e n t s  above a  given degree,  
The peak e f f e c t  a f  such a  t runca t ion  during a  24 hour span i s  shown i n  
f i g u r e  (1) f o r  t h r e e  s a t e l l i t e  a l t i t u d e s .  The computations a r e  based on 
t h e  assumption t h a t  t h e  g r a v i t y  f i e l d  up t o  t he  p o i n t  of t runca t ion  i s  known 
p e r f e c t l y  and t h a t  resonance e f f e c t s  a r e  zero.  An extens ive  s imula t ion  
repor ted  by Anderle, Malyevac and Green (1969) showed t h a t  t h e  n e t  e f f e c t  
of t runca t ing  t h e  g r a v i t y  f i e l d  i s  l e s s  than these  f i g u r e s  f o r  o r b i t a l  
condi t ions  a t  which e r r o r s  i n  g r a v i t y  c o e f f i c i e n t s  determined i n  t he  
genera l  geodet ic  s o l u t i o n s  compensate f o r  t h e  neglec ted  g r a v i t y  c o e f f i c i e n t s ,  
Observed E f f e c t s  of Gravi ty  E r ro r s  
I n  t h e  e a r l y  years  of s a t e l l i t e  geodesy, r e s i d u a l s  i n  o r b i t  f i t s  w e r e  
s t r o n g l y  dominated by t h e  e f f e c t s  of u n c e r t a i n t i e s  i n  t he  g r a v i t y  f i e l d ,  
I n  1966, however, over 200 terms i n  t h e  expansion f o r  t h e  g r a v i t y  field 
were evaluated i n  t h e  NWL 8 D  s o l u t i o n  y i e ld ing  o r b i t s  f o r  600 mi le  po la r  
s a t e l l i t e s  t o  an accuracy of b e t t e r  than 1 0  meters ,  excluding resonance 
e f f e c t s  and s c a l e  (Anderle e t a l ,  1969).  
EFFECT OF NEGLECTED GRAVITY COEFFICIENTS 
DEGREE OF TRUNCATION 
F i g u r e  (1) 
This solution was subsequently modified to better represent resonance 
effects on the GEOS I1 satellite to yield the NWL 8 H  solution. In l a t e  
1969, the solution NWL 9B containing over 400 terms was obtained based on 
data for all satellites included in the NWL 8 series plus the data for the 
GEOS 11, Dl-1 and D1-2 satellites. With random observational errors and 
effects of gravity errors on high altitude satellites both about 10 meters, 
evaluation of differences in gravity coefficients with such observations 
becomes difficult. For example, if differences in noise and geometry among 
passes are ignored, residuals for polar orbiting satellites are currently 
found to be 10 to 15 meters. However, if residuals are weighted according 
to the noise and elevation angle, the root weighted squares are only 7 
meters. The effect of the change from the NWL 8 H  to the NWL 9 B  gravity 
field on residuals for a navigation satellite is shown in table 1, A 
change in root weighted squares of residuals from 7.5 to 7.0 meters could 
represent an rms of a difference in bias between 0.5 and 2.7 meters depend- 
ing on the size of the random error or the size of the remaining bias, 
Although even at worst this error appears to be small, it is only the rrns 
during the time the satellite is observed. The peak error, particularly 
where the satellite is not observed could be considerably larger. For 
example, figure (2) compares orbits fit with NWL 9B and NWL 8 H  gravity 
coefficients to perfectly distributed simulated observations; an o r b i t  
difference of 18 meters is attained at one point during the day even for 
these well distributed observations. Now data for polar orbiting satel- 
lites were used in both the NWL 8 H  and NWL 9B geodetic solutions. A more 
critical evaluation of the relative accuracy of the solutions is obtained 
by comparing their accuracy for satellites not used in their determination, 
Table  1 
EFFECT OF GRAVITY F I E L D  ON ALONG-TRACK RESIDUALS 
FOR NAVY NAVIGATION S A T E L L I T E S  
Weighted 
Days Passes Residuals (Meters) 

One such satellite is 1969-82B, the Timation IT satellite, which is in 
a 70 degree inclination, 900 circular orbit. Although Doppler obser- 
vations had been received from only four stations at the time of prepara- 
-,ion oE this report, the residuals for the NCJL 9B gravity set are signifi- 
cantly better than those for the NWL 8N set as shown in table 2. Of course, 
comparisons for additional time spans and particularly additional stations 
,gould he desirable. 
Recent Results with Improved Gravity Field 
--- 
The recent improvements in the accuracy of the cowutation of the orbits 
of the navigation satellites have manifested themselves in at least two ways. 
First, the precision of the computation of the coordinates of the Doppler 
stations has increased significantly. Table 3 shows that station coordinates 
determined on the basis of independent groups of about 30 passes agree with 
each other to at least 2 meters in latitude and height and 4 meters in 
1ongii:ude. mile the solutions are subject to common biases, this level 
sf self consistency has never been achieved before for so few passes. A 
second result of interest is the determination of the position of the earth's 
pole based on Doppler observations of polar satellites (hderle, Beuglass 1970). 
Figures (3) and (4) show the two components of pole position for 1969; the 
vertical bars give the standard error for the mean of the pole positions 
determined for each of six orbit computations; except for the displacement 
of the origin, which is relatively arbitrary, the Doppler solutions agree 
with the IPMS and BIH values about as well as these astronomical determinations 
agree with each other. As pointed out by Mueller of Ohio State University, 
who forwarded the IPMS data, the Doppler and IPMS coordinates on figure (3) 
Table 2 
RESIDUALS FOR "TIMATION 11" SATELLITES 1969-82B 
Days 341-342 1969 
RMS of Ratios of Residuals to Noise 
RMS of Along Track Residuals (M) 
RMS of Slant Range Residuals (M) 
Gravity Field 
NWL 8H NWL 9B 
1.66 1,47 
20 SL 6 
8 6 



agree  b e t t e r  than t h e  B I H  and IPMS d a t a .  
Se l ec t ion  d O r b i t a l  Conditions f o r  Fur ther  Refinement of t h e  Gravi ty F i e l d  
Doppler observa t ions  of s a t e l l i t e s  a r e  a  very e f f e c t i v e  means of in~prov- 
ing t h e  c o e f f i c i e n t s  of t h e  e a r t h ' s  g r a v i t y  f i e l d  because they  provide the 
l a r g e r  number of passes  per  day requi red  t o  analyze high frequency per turba-  
t i o n s  of t h e  s a t e l l i t e  o r b i t  produced by t h e  h igh  o rde r  g r a v i t y  c o e f f i c i e n t s ,  
Since t h e  pe r tu rba t ions  on h igh  a l t i t u d e  (500 mile)  s a t e l l i t e s  a r e  smal l ,  
t h e  observa t ions  must have low no i se  l e v e l  so t h a t  the  g r a v i t y  e f f e c t s  will 
be l a r g e r  than t h e  random e r r o r s  of measurements. Accurate Doppler obser- 
va t ions  have been obtained f o r  t he  following f i v e  o r b i t a l  condi t ions :  
S a t e l l i t e  
NAVSAT 
GEOS I1 
GEOS I 
ANNA I B  
BE-C 
O r b i t a l  I n c l i n a t i o n  
90" 
74" R 
59" 
50" 
40" 
Howard L .  Green of t h e  Naval Weapons Laboratory conducted a  s imula t ion  eo 
t e s t  which of  s eve ra l  o r b i t a l  condi t ions  would y i e l d  observa t ions  which 
r 
would most e f f e c t i v e l y  add t o  our  knowledge of the  g r a v i t y  f i e l d ,  A t  t h e  
t ime t h e  s imula t ion  was conducted t h e  computer program used could no t  form 
normal equat ions f o r  more than 237 g r a v i t y  c o e f f i c i e n t s .  Rather than 
u t i l i z e  t h i s  capac i ty  t o  form normal equat ions complete t o  14th  degree 
and o rde r ,  i t  was decided t h a t  normal equat ions would be formed for all 
c o e f f i c i e n t s  through 12 th  degree and order  and f o r  c o e f f i c i e n t s  through 
20th degree f o r  o rde r s  0, 1, 2, 10 and 11. In t h i s  way, a  more complete 
of terrfis havi.ng the effects oc, t he  satel'JLice orir;Lir. -i+ith f lhe  same 
,'reqcency could be studied, a.cd 50th hLgh an.? Icw r'reque.ra.cy effects could 
be studied, (Higher frequ,>ncg eE.fects fcr bigi-er order terms w i l l  be 
s e p a ~ s . t e d  primarily through their resoizance eff eats) . K~rrnaI. equak ions 
L.,:.:e forlaed for t w o  days sir' sijli.i.late6 observatio:ls for each of i:lle five 
es for 1,17hlich precise aa i l a .1  Dopphe~ observa"iofis have been mads 
., , "  
.:.c~r the following a.ddktis-;3a1 postulated o~bital conciitions: 
Condition 
-- 
Inc 1 i.na";on 
--
AStiLude (S.t tii/li) 
-- 
1 28" 50G/%50F 
2 80" 5 00 
3 80" 3 00 
4 2 71;" _i 300 
t !  Ills ncrrnaP equattozis included the gravity parameters Lisked above and the 
L G L ~ I  station ccsordinate, orbit conscant ana Lns~rurnent  bias pararceters. 
,"'.sc--vationss9were weighted acc3riling to t"n2 inverse 72-4ance JF 0bsezv-1- 
"i~or?s actually rzrade for the first five saceilites, Nominal weights co-sl-e- 
s .il---ncir;g to good observations were assigned to urhe i3ostalated satellites, 
: - j r ~ a r  equations for the five available satellit.-s s e r e  co~biazd and solved 
tr E i ~ d  the expected accuracy sf the determination of the gravity csefii- 
c l e n t s ,  Additional solutions were made after adding one or another of rhe 
s3t5 af noilnal equations for the Esar postulated orbica? condhzions tc 
t i o s e  for the five available satellites, Since 2 solution for so many 
~ " a v i t y  coefficients with so feu orbital condit~cns is underdeterxined, 
a i a n d l r d  deviations of gravity coelficbents would be meaningless due to 
their I-aigh correlation. Therefore t h e  eigen~ialues for the normal equations 
t~Jere determined. The reciprocal square root oi the eigenvalues can be 
considered t o  be standard deviat ions of gravi ty  coef f i c ien t s  i n  a new 
domain, say I1Q Space", where the  coef f i c ien t s  a r e  decoupled. The pattern 
of these standard deviat ions fo r  d i f fe ren t  combinations of o r b i t a l  
conditions can be ea s i l y  compared i n  f igures  (5a) and (5b). The abscissa 
s t a r t s  a t  the 97th gravi ty  coef f i c ien t s .  This i s  because 96 gravi ty  coef f i -  
c i en t s  through about 9th degree and order were eliminated from the  normal 
equation by Gaussian elemination before the  eigenvalues were determined, 
This el imination was performed fo r  reasons not per t inent  t o  r e su l t s  presented 
here. The f igures  show t h a t ,  a s  one would expect, observations on satelEFtes 
a t  lower a l t i t u d e s  would reduce the  e r ro rs  i n  the gravi ty  f i e l d  more than 
observations on higher a l t i t u d e  s a t e l l i t e s .  The f igures  a l so  show that 
observations on s a t e l l i t e s  a t  lower incl inat ions  would be more valuable than 
observations on a s a t e l l i t e  a t  an 80 degree incl inat ion.  The f a c t  t h a t  t h i s  
r e s u l t  holds the  whole range of coef f i c ien t s  i s  surpr is ing,  s ince i t  implies 
t ha t  the  low inc l ina t ion  s a t e l l i t e s  w i l l  provide valuable information on 
high as well a s  low frequency terms. The Line labeled 1 0 - 5 / ~ 2  i s  an 
approximation of the s i z e  of the  coef f i c ien t s  predicted by the  decay laid, 
The approximation i s  inexact since i t  does not  apply i n  t h i s  parameter 
d 
space; but it does confirm the  obvious f a c t  t ha t  s i x  s a t e l l i t e s  are 
inadequate t o  determine the gravi ty  f i e l d  through 20th degree, s ince the 
standard deviat ions exceed the  decay law around the  190th coe f f i c i en t ,  
Summary 
Observation of the  GEOS I1 s a t e l l i t e  and extensive re la ted  research 
i n  s a t e l l i t e  geodesy have permitted considerable improvements t o  be made 
i n  the  accuracy of computation of s a t e l l i t e  o rb i t s .  However, computed 
s a t e l l i t e  o r b i t s  s t i l l  do not match s a t e l l i t e  observations due t o  remafn- 
EFFECT OF SATELLITE ORBITAL CONDITION ON 
IMPROVEMENT OF GRAVITY COEFFlClENT 
GRAVITY COEFFICIENT ( IN Q SPACE) Figure 5C a )  
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EFFECT OF SATELLITE ORBITAL CONDITION ON 
GRAVITY COEFFICIENT (IN Q SPACE) Figure 5 ( b )  
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ing er ro rs  i n  the  gravi ty  f i e l d .  Furthermore, the  recent  advances made 
i n  s a t e l l i t e  geodesy suggests addi t ional  discoveries a r e  l ike ly .  Launch 
of addi t ional  geodetic s a t e l l i t e s  a r e  therefore  highly des i rable  t o  permit 
f u r t h e r  advances t o  be made i n  t h i s  f i e l d .  The next geodetic s a t e l l i t e  
would make maximum contribution t o  s a t e l l i t e  geodesy i f  it  were launched 
a t  Isw inc l inat ion.  
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A c a p z i s o n  of fcur geopotential  models f o r  the  predic t ion of GEOS-I 
or"@i",s over time spans of a  month is described. The comparison is W e  on 
the bas i s  of ephemerides ca lcula ted  from B&er-Nun-opt icd  and Tranet- 
doppler observations over two 6-day a rcs  i n  1966. The magnitude of the  
errors was found t o  be s t rongly  dependent on t h e  i n t e r a c t i o n  between 
g e c p z e ~ l t i d  and rad ia t ion  pressure constant ,  y .  By assigning t h e  proper 
value t o  y, each of the  models could be used f o r  predic t ing t h e  ephemeris 
ia w3t111.n 2 krn over a month period; i n  p a r t i c u l a r ,  t h e  SAO-rn and NbdI;-8D 
e2k~emerides were within 1 km. The long-term in- t rack e r r o r  cons i s t s  of a  
secular eornyonent plus a near ly  s inusoidal  o s c i l l a t i o n  which has the  same 
p e ~ k o d  as GEOS. The s inusoidal  component i s  shown t o  be the  d i f ferences  of 
two Kepllerian o r b i t s  having s l i g h t l y  d i f f e r e n t  e c c e n t r i c i t i e s .  
l?ra.net doppler o r b i t s  were cons i s t en t  with o p t i c a l  o r b i t s  t o  within 
SO-60 ne te r s .  Hence, the re  was no necess i ty  f o r  combining the two s e t s  of 
o5servations i n  a s ing le  so lu t ion .  For a given geopotential  model, t h e  
predbet ion e r r o r s  from the  two d a t a  types were approximately the  same. Also, 
the s e n s i t i v i t i e s  t o  geopotential. changes were comparable even thwgh  t h e  
d3ppier set contains many m r e  observations,  
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I. INTRODUCTION 
The ob jec t ives  of t h e  cu r r en t  s tudy a r e  (1) t o  compare t h e  performance 
of s e v e r a l  geopo ten t i a l  models f o r  s a t e l l i t e  ephemeris p red ic t ion  over  time 
i n t e r v a l s  on t h e  order  of one month and (2 )  t o  ob ta in  a  rough measure of  t h e  
p red ic t ion  e r r o r  magnitude. The p r a c t i c a l  applications of t h e  r e s u l t s  t o  
s a t e l l i t e  opera t ions  a r e  r a t h e r  obvious and need no e l a b o r a t i o n .  However, 
pw3 n@ e p a s t  experience has more o r  l e s s  e s t a b l i s h e d  the  axiom t h a t  t h e  peri'o, ,, 
of a  given model r e l a t i v e  t o  one s a t e l l i t e  f~eornetry is  not  n e c e s s a r i l y  appli- 
cab le  t o  another .  It is  t h e r e f o r e  d e s i r a b l e  t o  consider  a  v a r i e t y  of r e p r e -  
s e n t a t i v e  s a t e l l i t e  geometr ies .  This  r epo r t  d e t a i l s  the  f i nd ings  from the 
a n a l y s i s  of GEOS-I observa t ions .  The approximate values of' t h e  o r b i t a l  
elements a r e  r e s p e c t i v e l y  8700 km, 7500 km, and 60 degrees fo r  apogee, per rgee, 
and i n c l i n a t i o n .  
While t h e  d e t a i l s  of' t he  a n a l y s i s  a r e  t ed ious ,  t h e  procedure J s straigint- 
forward. S a t e l l i t e  observa t ions  a r e  f ' i t t e d  t o  a  dynamical model over a 
s e l e c t e d  f i t  span. The r e s u l t a n t  s t a t e  vec tor  a t  one epoch and t h e  d y n m i c a l  
model then uniquely s p e c i f i e s  t he  s t a t e  a t  a  f u t u r e  time i n  accordance wrtb 
Newton's Laws. The p red ic t ed  s t a t e s  a r e  then  compared with a c t u a l  observa t ions  
a t  given times t o  ob ta in  t h e  ephemeris e r r o r s .  
Observations from GEOS-I a r e  of s e v e r a l  t ypes .  However, only the  SAO 
(~aker -Nunn)  o p t i c a l  and Tranet  doppler a r e  considered i n  t h i s  analysis,  It 
w i l l  be shown t h a t  one o r  t h e  o t h e r  by i t s e l f  could se rve  t h e  purpose of 
p red ic t ion -e r ro r  eva lua t ion .  While t h e  number 01' doppler  observa t  i ons f a r  
exceeded t h e  number t ~ f  opt icaL,  it w a s  found t h a t  t h e  s e n s i t i v i t y  t o  geo- 
p o t e n t i a l  model chariges w a s  about t he  same f o r  both types .  Two o r b i t a l  a r c s ,  
one i n  J a n  196G and the  o the r  i n  ,July 1966, were examined. The two spans 
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were chosen because of good tracking c o v e r q e  a d  because they were arcs 
which had been examined t o  some extent by other inves t iga to rs .  Mssh (1969) ;  
k r e h  and %rsh (1969). 
I I . PROGRAM GENERALITES 
The Aerospace Orbit Program, Trace, was used f o r  the  bulk of computations* 
The program d e t a i l s  are  lengthy and more or  l e s s  standard. Hence, only modifi- 
cations and features re la ted  t o  the  present problem w i l l  be described, 
2 .l Coordinate System 
A choice of several  coordinate systems applicable t o  s a t e l l i t e  dagrna~~es 
was available a t  the  beginning of the  study. The systems a re  a l l  geocentric, 
Cartesian; they d i f f e r  i n  t h e i r  reference equator and equinox. $he ones 
considered were: 
Reference Equator Ref erence 
Smithsonian (SAO) t r u e  of date mean of 1950.0 
J e t  Propulsion Lab (JPL) mean of 1950.0 mean of ls50,O 
Naval Weapons Lab (NWL) mean a t  midnite of date mean at  midnite of date 
Aerospace ( A )  t r ue  of date  mean a t  midnite of date 
The S O  and Aerospace systems were the simplest considering both optical 
and doppler data  but  the  frames are  not i n e r t i a l .  I n  order t o  maintain the  
highest precision consistent  with a 14 d i g i t  CDC computer, the  JPL frame was 
chosen. The choice has severa l  advantages with respect  t o  t he  op t ica l  data,  
F i r s t ,  the  op t ica l  observations were re fe r red  t o  t he  1950.0 system and hence 
require no fur ther  transformation. Second, the  lunar -solar  ephemeris tares 
(JPL DE-19 export tapes) were tabulated i n  t h i s  system and could therefore  be 
used d i r e c t l y  a f t e r  in terpola t ion.  It i s  of course necessary t o  t rmsform 
t o  an ea r th  f ixed or t e r r e s t r i a l  system f o r  the  geopotential  and t racker  
posit ion computations. The transformation i s  a sequence of ro ta t ion  matrices: 
S2' S . ! ,  N, P are respect ively  matrices of pol= motion, s i de r ea l  angle 
i 
ro-g;eA;hor?,, autat-ion, sand peces s ion .  The n a t r i x  symbols a r e  the  $ m e  as  
those wed 9.n Veis (1966). Homver, %lie m t s i x  e l e m n t s  d i f f e r  from Veis 
i n  t k m %  the s ine  and cosine f'unctions were & replaced by t h e i r  small 
ang le  a p ~ c s x i m t i o n s  .
Statl-on coordinates ( c m t e s i m )  f o r  the  B&er-Hun s t a t i ons  were the 
s m e  as the ones w e d  by Mil ler  e,nd C a e l i r i  (1967) *lie the  doppler t racker  
~WSILBO~PSS were obtained from W, R ,  J. Blnderle. The l a t t e r  s e t  w re fe r red  
to the meml pole of 1965 md had t o  be ro ta ted  i n to  the  1900-1905 system 
before wing. Based on the f indings of Gaposchkin (1967) i d  does not seem 
wortkhile "i; s e  my adgustments between the  two tracking networks a t  t h i s  
time, 
s \  r, 
L C  Tim2 
Atomic t i m e  (&.I) w~zs adopted as the  basic  time system. Lae doppler 
time tws (WC) had Lo be m d l f  Led by t he  di f ference between UTC and A .B . 
T i ~ w  w.Qmod&s deve lopd  by Mulker (lg48) were used. me r e l a t i ons  
between the several  t i m e  sy s t em f o r  -the two Pn t e rvds  of i n t e r e s t  were: 
E&emeris time (EIT) = A . 1  +- 32.15 seconds 
2 
m-W = a + b ( t )  ; W1-ET = c +- d ( t )  + e ( t  ) 
t i s  seconds from midnite J an  1, 1950, and 
-4- 
J a n ,  66 ~ u l y ,  66 
2.. 3 Force Model 
The t r a j e c t o r y  of the  s a t e l l i t e  i s  obtained by a numerical integration o f  
t he  e q u a t ~ o n s  of motj.on, F = m a .  The approximate r e l a t i v e  magnitudes of' the 
various fo rce  terms included a r e  : 
Centra l  g r a v i t a t i o n  term .5 - .7 g ' s ;  1 g a 1 0  m/sL 
I 
Harmonics beyond CZ0 5 x 
Lunar-solar; resonance term 1 .5  x 
Radiat ion pressure 6 x 10" 
Atmospheric drag 3 x 10-l1 
The expansion of t h e  geopotent ia l ,  V, has the  form 
where K' K~ a r e  s p h e r i c a l  harmonics, Cnm and S a r e  f u l l y  normalized model nm9 nm nm 
c o e f f i c i e n t s  (Kaula, 1966).  The adopted value of GM is  t h e  one derived from 
3 2 lunar  probes 348601.3 km /see . This GM is  cons i s t en t  with t h e  adopted stat i on  
coordinates f o r  both doppler and o p t i c a l  networks. 
Lunar-solar and r a d i a t i o n  pressure acce le ra t ions  were obtained us ing  the 
export  vers ion  of t h e  J P L  ephemeris tapes ,  DE-19. The r a d i a t i o n  pressure tern 
has magnitude a given by: 
rP 
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6 = 1 when s a t e l l i t e  is  i l luminated 
= 0 when s a t e l l i t e  is  ec l ipsed  by 
e a r t h  ( c y l i n d r i c a l  shadow was 
assumed) 
C i s  t h e  s o l a r  pressure cons tant ,  A t h e  e f f e c t i v e  a rea ,  w l g  the  s a t e l l i t e  
P 
mss and k "the r e f l e c t i v i t y  f a c t o r .  I n  the  Trace program, the  quant i ty  y 
(dimensionless, y = r a d i a t i o n  pressure acce le ra t ion  i n  u n i t s  of g f s )  i s  
a ~ a e t e r  which could be d i f f e r e n t i a l l y  correc ted .  
me raagnity~de of t h e  drag t e r m  i s  
a = qag ; d 
where q is  t h e  dynamic pressure ,  A '  t he  cross  s e c t i o n a l  a r e a  f o r  drag, and 
Cd the  drag c o e f f i c i e n t .  The d i f f e r e n t i a l l y  co r rec tab le  parameter i n  Trace 
i s  a. From t h e  Lockheed-Jacchia dens i ty  rnodel with mean Jan  (2-8),  1966 value 
2 for the  10 cm f l u x  dens i ty  of 80 x w/m /hz repor ted  by t h e  Ottawa 
Observatory, t h e  dens i ty  and dece le ra t ion  ranges were found t o  be:  ( t h e  
mima i n  dens i ty  and a do no: occur a t  the  same time) d 
dens i ty  (kg/m3) 
imum 10-l~ 3 lo-13 
m.%nimum 1 .5  x 10 -16 5 
L based on the values A '  = 1.23 m , CD = 2, and ulg = 175 kg.  The cross  
sec t i . ond  area  f o r  drag  and r a d i a t i o n  pressure need not be the  same s ince  
t h e  s a t e l l i t e  is asymmetrical and t h e  a t t i t u d e  angle with respect  t o  
ve loc i ty  ( b a g )  is d i f f e r e n t  from t h a t  r e l a t i v e  t o  t h e  heliocentrBc 
d i rec t ion .  However assuming A = A ' ,  nominal values f o r  y and a a r e  
2 
respec t ive ly  5.75 x 10" g 8 s / g  and .0014 m /nt  . 
2.4 D i f f e r e n t i a l  Correction Elements 
The parameters employed i n  d i f f e r e n t i a l  co r rec t ion  are  the  f, g elenents 
widely used f o r  low e c c e n t r i c i t y  o r b i t s  by Aeronutronic and o t h e r s ,  Tn 
t e r n  of t h e  c l a s s i c a l  elements a ,  e ,  i, 0, w, M (mean anomaly), t h e  f ei?d 
g s e t  i s  defined by: 
n =  
JSi 
3/2 (mean motion i n  degrees/sec) a  
X = s i n  i s i n  R 1 + cos i 
s i n  i cos fl 
= I - +  cos i 
The s e t  was chosen because t h e  correc t ions  were l i n e a r  f o r  a l l  cases L i k e l y  
t o  be encountered. Convergence was genera l ly  obtained i n  2 t o  3 i t e r a t i o n s  
s t a r t i n g  from t h e  elements given i n  SAO Report 264. Analyt ica l  p a r t i a l s  
were ava i l ab le ,  but  were not  used, s ince  t h e  v a r i a t i o n a l  equations w e r e  
more accurate and added l i t t l e  t o  the  o v e r a l l  running time. 
111. C O M P U ~  RESULTS 
Many o r b i t  de te rmina t ion  runs were made dur ing  t h e  t e s t ,  They may be 
loose ly  grauped as i'ollows . 
kc A 
a *  Est imate i n i t i a l  s t a t e  and y ( Y  = ; s e e  page 6 )  
o p t i c a l  observa t ions  
doppler  observa t ions  
b, Estimate i n i t i a l  s t a t e ,  f i x e d  y - o p t i c a l  observa t ions  
@he gl-oups could be f u r t h e r  d iv ided  i n t o  January and J u l y  a r c s .  
j ,l Data Spans and Data Correc t ions  
Data spans of 1 day, 3 days ,  and 6 days were examined i n  t r i a l  o r b i t  
de te rmina t ion  runs .  Convergence of t h e  s o l u t i o n  f o r  the  i n i t i a l  s t a t e  
v e c t o r  w a s  r e a d i l y  a t t a i n e d  f o r  a l l  t h r e e  i : l t e rva l s ;  when y w a s  a l s o  e s t ima ted ,  
convergence was easy f o r  t h e  3 and 6 day spans bu t  was exceedingly dif ' f  i c u l t  
to a c l i e v e  over a one day i n t e r v a l .  The s tandard  dev ia t ions  of y from the  
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e s t imtewerea  = 1 . 6 x  5 r 1 O  , 1.7 x 10-'Ofor a r c s  o f 1 ,  3, and 
Y 
6 days r e s p e c t i v e l y .  The f i n a l  f i t  span w a s  chosen t o  be 6 days which is  
a p p r o x i m t e b  equal  t o  t h e  b e a t  per iod  of the  12 th  order  resonance. The 
f i r s t  a d  l a s t  o p t i c a l  observa t ion  t imes were 
Number of 
S t z s t  S top  Observations 
J aiuar y arc 2 6 4 8 1 2  46 140 
~ d y  a r c  1 0  2 48 16 1 11 928 
Observing s t a t i o n s  i n  January included 9001, 2, 4 , 5 ,  6, 7, 8, 10 ,  11, 239 
50, L25 and 426; i n  J u l y ,  they were: 9001, 2 ,  4 ,  6 ,  7, 8, 9, 10, 11, 12,  
23, and 425 ( ~ e o n a u t i c s ,  1964; a l s o  Lerch, 1969).  
The o p t i c a l  d a t a  as received from t h e  NASA d a t a  bank were used d i r e c t l y  
without m d i f i c a t i o n .  The following correc t ions  were made i n t e r n a l l y  in 
t he  Trace Program: p a r a l l a c t i c  r e f r a c t i o n  - ( ~ e i s ,  1960) ; d i u r n a l  abe r ra t ion  - 
(smart, 1962) ; l i g h t  t r a n s i t  t i m e  The l a t t e r  correc t ion  i s  the  l a r g e s t  of 
t h e  th ree .  
Doppler observations over e s s e n t i a l l y  t h e  same time spans came from 
seven t r ackers  including Anchorage, Samoa, Hawaii, Las Cruces, Lashm 
England, Howard County, and McMurdo Sound. The observation-time tags  were 
converted fromUTC t o  A . l  t o  conform with the  SAO system. I n  the  Trace 
program, correc t ions  were appl ied  f o r  l i g h t  time, t ropospheric r e f r a c t i o n ,  
time d i l a t a t i o n ,  g r a v i t a t i o n a l  s h i f t ,  and a frequency b i a s .  
3.2 Tes t  Models 
Four s e l e c t e d  geopotent ia l  models plus some hybrid combinations were 
t e s t e d .  The four a r e  : NWL 5 ~ 6 ,  NWL 8D,  SAO M l ,  and Kohnlein ( 1967) , The 
f i r s t  two were derived s o l e l y  from doppler t racking,  t h e  t h i r d  from optical 
and t h e  four th  contains both s a t e l l i t e  and t e r r e s t r i a l  d a t a .  I n  t h e  models 
l i s t e d  i n  t a b l e  1, 
e t he  symbol ~ 6 9  designates t h e  20 zonal harmonics (degrees 2 
through 21) published by Kozai i n  1469, ~ 1 + ~ 6 9  s i g n i f i e s  the 
lvEl model with t h e  o r i g i n a l  13 (degrees 2 through 14)  zonal 
terms replaced by Kozai" new zonals;  
e R s i g n i f i e s  t h e  9 p a i r s  of resanant  and near resonant  c o e f f i c i e n t s  
i n  t h e  M l  model of order  11 through 15,  
the  8 D  and Kohnlein models have t h e i r  own resonant  c o e f f i c i e n t s  
and the  o r i g i n a l  t e r m  were not a l t e r e d .  The Kohnlein model used 
i n  our t e s t s  i s  a  hybrid cons i s t ing  of Kohnlein's t e s s e r a l  
harmonics through degree 15 plus the  ~ o z a i - 6 5  zonals r a t h e r  than 
the  ~ o z a i - 6 7  values given i n  SAO Report 264. 
t h e  number i n  pa ren thes i s  des igna tes  t h e  number of p a i r s  of 
c o e f f i c i e n t s  i n  each model. 
Model c o e f f i c i e n t s  a r e  given i n  Appendix I .  
3.3 
'fie long term p red ic t ion  e r r o r s  t u r n  ou t  t o  be a func t ion  of  t h e  
i.nterp1ay between drag,  r a d i a t i o n  pressure ,  and t h e  resonant  harmonics. 
Sol.utions i n  which t h e  drag  parameter a w a s  es t imated  along wi th  y 
i nva r i ab ly  f a i l e d  t o  converge. Over t h e  6 day span, t h e  c o r r e l a t i o n  
coeffioient, Oay' w a s  found t o  be .994 and t h e  s tandard  e r r o r  f Q /a) 2 .  a 
The strong c o r r e l a t i o n  i s  caused by t h e  s i m i l a r i t y  of t h e  s e n s i t i v i t y  curves 
show1 in f i g w e  1. Both curves a r e  e s s e n t i a l l y  quadra t i c  i n  time over t h e  
f i t  i n t e r v a l .  S ince  t h e r e  were some ques t  ions on t h e  v a l i d i t y  of atmospheric 
mdels beyond 1000 krn a l t i t u d e ,  t h e  drag  fo rce  was d e l e t e d  i n  t h e  f i r s t  s e t  
of runs* Tlze e f f e c t s  of drag  w i l l  be  d iscussed  i n  a l a t e r  s e c t i o n .  The 
f a c t  t h a t  t h e  drag e f f e c t s  could  be almost e n t i r e l y  absorbed by r a d i a t i o n  
presswe i s  evidenced by t h e  W f i t s  t o  t h e  d a t a .  We h a d , f i t t i n g  over 
6 days of o p t i c a l  da ta ,us ing  t h e  MI. model: 
W r e s i d u a l  wi thout  drag  f o r c e  - 2.44 a r c  s ec  
W r e s i d u a l  with d rag  f o r c e  - 2.48 a r c  s e c .  
a r i z e s  some r e s u l t s  of f i t t l n g  t h e  o p t i c a l  d a t a  wi th  
variable y .  O r b i t a l  elements a r e  l i s t e d  i n  Appendix 11. The M l  model no t  
only fitted t h e  observa t ions  b e s t  f o r  both January  and J u l y  arcs b u t  a l s o  
ob.tained t h e  sma l l e s t  p red ic t ion  e r r o r  of t he  4 b a s i c  models t e s t e d .  
Principal  cause of the  M 1  super io r i ty  i s  the  group of resonant and near  
resonant terms.* The along-track perturbations caused by the  l a rge s t  
terms a s  derived by Gaposchkin-Veis (GV) are  shown in  f igure  2.  I n  
addit ion t o  the  e f f ec t s  shown S 12,12' '15,12' '13,13' '13,13' a l l  contri- 
bute on the  order of 100 meters a t  the end of s i x  days. By augmenting the 
536 model with the  GV resonant harmonics, performance approaching the  M - l  
r e s u l t s  was  achieved. These improvements had a l so  been observed by Marsh 
fo r  the  APL and Kohnlein potent ia ls  ( ~ a r s h ,  1969) and we decided no t  t o  
repeat  the  experiment with the  Kohnlein model. 
Table 1 
RMS Residuals of Optical  Data and Estimates of y 
RMS ( sec )  
Case 
-
1 
Model 
(68) 
+ K69 (75) 
NwL 536 (32) 
536 + R (41) 
536 + R + K69 (55 )  
NWL 8 D  (111) 
Kohnlein + ~ 6 9  (137) 
2.21 4.397 6,02 
2.02 2,00 ( 3  day w c )  
*The primary resonance i s  order 12. However terms of order 1-3 a re  a l s o  
s ign i f ican t .  The 536 model plus 12th order terms alone f i t t e d  t o  3 ,2  seconds 
and t o  2.5 seconds with t he  13th order terms added. 
In genera l ,  t h e  r e s u l t s  f o r  t h e  J u l y  arc a r e  vexy s i m i l a r  t o  t h e  
Jan.ia~3.g span.  One no tab le  except ion i s  t h e  degradat,on of RMS f o r  t h e  
Kohniein ~odel, Modificat ions a r i s i n g  from t h e  use  of t h e  ~ o z a i - 6 9  zonals  
sr, t h e  Sanuary- a r c  were s o  s l i g h t  t h a t  t h e  corresponding M l  case  i n  t h e  
Z:dy a,mn was omit ted.  
Trie r e n s k a b l e  f e a t u r e  of t he  r e s u l t s  i n  t a b l e  1 is  the l a r g e  v a r i a b i l i t y  
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o f  y r e l a t i v e  t o  the s tandard  e r r o r  0 = 1.7 x 1 0  f o r  a 6 day a r c .  Again Y 
Lhe prlnary cause w a s  t h e  resonant  harmonics. F igure  2 shows t h e  s i m i l a r i t i e s  
between the e f f e c t s  oi t h e  resonant  terms and a and y. When allowed t o  vary,  
y assumes a value which absorbs e r r o r s  i n  t h e  resonant  terms o r  t h e  absence 
-cbel-ect' as :nl t h e  case of 5 ~ 6 .  The wide v a r i a t i o n s  between models r e l a t i v e  
t o  O IS a good i l l u s t r a t i o n  of t h e  f a c t  t h a t  t h e  s tandard  dev ia t ion  obta ined  
"d 
from R ~ova-riahce mat r ix  based on random observa t ion  e r r o r s  i s  q u i t e  meaning- 
less  i n  the presence of model e r r o r s ,  
IYte nominal va lue  of y, y 5.75 x lo-' gls/g, i s  i n  f a i r  agreement N 
with aasss 1, EB, 2A, and 2B of t a b l e  1. One concludes t h a t  a reasonable 
e s t imte  of y i s  obta ined  provlded t h a t  t h e  model conta ins  t h e  Gaposchkin- 
Vels e o e f f i e l e n t s  which is  perhaps not  t o o  s u r p r i s i n g  s i n c e  GEOS-I d a t a  
was prominent i n  t h e  d e r i v a t i o n  of t h e s e  terms.  
3 - 3 . 4  P red ic t ion  Er ro r s  
g?airty day ephemerides were c a l c u l a t e d  f o r  s e v e r a l  of the  cases  l i s t e d  
in Lab1 e 1 from t h e  converged s t a t e  vec tors  and y ( s e e  Appendix 11). A t  
approxxxately 5 -day i n t e r v a l s ,  each p red ic t ed  ephemeris was compared a g a i n s t  
an orbit derived from a 1-day f i t  o f  observa t ions  l o c a l i z e d  about t h e  t imes  
of eolxparlson. The l o c a l i z e d  o r b i t s  were der ived  only once us ing  the  M - 1  
nodel, ~ , e . ,  we d i d  not  r e p e a t  t h e  l o c a l  o r b i t  de te rmina t ion  with d i f f e r e n t  
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geopotent ia l  models. Comparison t i m e s  were chosen t o  be c l o s e  t o  t imes of 
a c t u a l  observa t ions  and t h e  d i f f e r e n c e s  a r e  regarded a s  p red ic t ion  e r r o r s  -- 
assuming t h a t  e r r o r s  i n  t he  l o c a l i z e d  o r b i t s  a r e  small. The d i f f e r e n c e  
vec to r s  a r e  reso lved  i n t o  i n - t r a c k ,  c ros s - t r ack  and r a d i a l  components. 
Each component has a nea r ly  s i n u s o i d a l  v a r i a t i o n  with period equal  t o  t h e  
o r b i t a l  per iod  of GEOS. The in - t r ack  component a l s o  has a s e c u l a r  p a r t  
which inc reases  q u a d r a t i c a l l y  with t ime.  The s e c u l a r  p a r t s  over a  30-day 
span f o r  fou r  geopo ten t i a l  models a r e  shown i n  f i g u r e  3. The range i s  from 
-24 km f o r  t h e  5 ~ 6  t o  +22 k m  fox 8 D  with M 1  and t h e  modified 5 ~ 6  i n  between 
a t  7 .5  and 6.5 k m  r e s p e c t i v e l y .  These t r ends  were a t t r i b u t e d  t o  erroneous 
e s t ima te s  o f  t h e  i n i t i a l  s t a t e  and y -- p a r t i c u l a r l y  t h e  l a t t e r , i n d u e e d  b:y 
t h e  g r a v i t y  model. 
3.4 O p t i c a l  Data F i t s  - Fixed y 
A l e a s t  squares  f i t  o f  t h e  p r e d i c t i o n  e r r o r  c a t  30 days i n  f i g u r e  3 
t o  t h e  va lue  of y r e s u l t e d  i n  t h e  l i n e a r  equat ion  
s = 15950 - 2007y (meters )  
which impl ies  t h a t  y = 7 . 5 4 4 ( 1 0 - ~ )  should r e s u l t  i n  e s s e n t i a l l y  ze ro  
m 
s e c u l a r  e r r o r  a t  t h e  end of t h e  p red ic t ion  i n t e r v a l .  The d a t a  f i t s  were 
r epea t ed  f o r  t h e  va r ious  p o t e n t i a l  models with y s e t  equal  t o  y . The 
m 
RMS r e s i d u a l  f o r  t h e s e  a r e  given i n  t a b l e  2 .  Equation (1) w a s  ob ta ined  
from t h e  long-term p red ic t ion  e r r o r s  i n  t h e  January  a r c .  However, t h e  de r lved  
va lue  was used f o r  both January and J u l y  a r c s .  I n t e r e s t i n g l y ,  t h e  fit t o  t h e  
J u l y d a t a  wi th  y was even b e t t e r  than t h e  January a rc .  Converged s o l u t i o n  
m 
vec to r s  f o r  y = y a r e  a l s o  given i n  Appendix 11. These were used t o  
m 
generate 1-mnth t r a j ec to r i e s  and calcula te  predic.tion e r ro r s  as  described 
in t h e  preceding sect ion.  Figures 4 through 10 show various components of 
the  prediction e r ror  a t  approximately 5-day in te rva l s  fo r  one o r b i t  (120 
minutes). These f igures  show the  new-sinusoidal  nature of the e r ro r .  
one might e x p c ~  m e  secular trends i n  t h e  in-track component were very 
much reduced for  a l l  of the  models -- even 5 ~ 6  which does not contain 
n ics .  With a few exceptions, the  e r rors  were Less than 1 ,5  
km over a 3 -day  i n t e rva l  -- the Kt. prediction e r ro r s  were l e s s  than 600 rn 
f o r  rhe Jan asc and 1 -Lm i n  the  J d y  a r c .  
Table 2 
RMS Residual of Optical  Data with Fixed y 
y = 7.944(10-~) y = 9 . g 0 7 ( l o - ~ ) ;  
a = O  2 a = .0014 m /nt 
Model Jan Ju ly  Jan 
-
W- 3.52 2.30 3 *67 
536 11.16 7.82 11.15 
9E6 + R 3.11 3.05 
536 + R + ~ 6 9  3.27 2.85 
8D 7.81 4.32 
KobnEein 12.35 10.80 
3.4.1 Comments on Predic t ion  Error  
Let 8 be the  secular  predic t ion  e r r o r  a t  time t .  We have fo r  a 
va r i ab le  y, 
where n  is the  Keplerian mean motion at i n i t i a l  epoch, v the  vector  of 
a c  a e  a €  geopotent ia l  c o e f f i c i e n t s .  The q u a n t i t i e s  - , - - a r e  p a r t i a l  deriva- 
an ay ' av 
an Lives evaluated about t h e  nominal o r b i t ,  - a a r e  funct ions  of t h e  Least a~ ' av 
squares normal matrix which i n  t u r n  depends on the  type and d i s t r i b u t i o n  o f  
observations a s  we l l  as the  t r a c k  i n t e r v a l .  The f a c t  t h a t  e s a t i s f i e s  
equations ( 1 )  and (2)  implies 
and 
Equation (3) expresses the  condit ion t h a t  any d i r e c t  e r r o r  caused by the  
geopotent ia l  model is  canceled by a  change i n  t h e  ca lcu la ted  mean r ~ o t i 3 n ,  
One would expect t h i s  t o  be the  case i f  t h e  t r ack  i n t e r v a l  is long enough 
t o  allow a unique determination of the  "true" period and the  separation of 
quadra t ic  e f f e c t s  due t o  y from l i n e a r  e f f e c t s  due t o  n .  A change i n  pctential 
~ ~ c ~ l i g d .  then cause a chawe  Pn t h e  s i z e  of th@ o r b i t ,  i .e. ,  semi major axis, 
such t h a t  t h e  '"rue" p r i o d  remains k~rlaltcred, me v a r i a t i o m  of n due t o  
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variatiom* in a between models are on t h e  order of 5 x 10 deg/sec ( s e e  
Appndix 11). Over a 30 day period, t h e  in- t rack displacement from such 
a change mounts  t o  about 2.8 krn - m e h  lkvger than the  observed s h i f t s  when 
y is  held f ixed.  !l%e point  is t h a t  t h e  mean motion ca lcula ted  from the  
Kepler formula n = 4 / a 3 j 2  i s  m t  the  t r u e  mean motion. The l a t t e r  does 
n o t  depend on t h e  p o t e n t i a l  model g it is  wel l  determined from the  observa- 
t ions. 
The p r inc ipa l  e r r o r  i s  given by equation ( 4 ) .  I t  i s  nearly quadrat ic  
with t i m e  and depends on the  model only v i a  the  a l i a s i n g  e f f e c t s  of y. If 
y (and/or a) w e r e  he ld  constant ,  the re  should be very l i t t l e  depndence of 
the Lo~g-term e r r o r  on t h e  geopotent ia l  model. This i s  what we observed i n  
figures 4 through PO. In- t rack di f ferences  between models are on t h e  order 
of 1-2 krn over t h e  30 days and 100-300 meters f o r  the  r a d i a l  and cross- t rack 
components. The largest e r r o r  encountered was 3000 meterb f o r  the  J u l y  arc  
using t h e  5 ~ 4  model. These res idua l  e r r o r s  and t h e  s inuso ida l  o s c i l l a t i o n s  a r e  
ascribable t o  model d i f fe rences ,  I n  s y t h e  maximum predic t ion e r r o r s  
wit11 y = ym were: 
Model January Arc 
m 
8D 600 (m) 
534 + R + ~ 6 9  
6n 
"Using the  usual  r e l a t i o n  - = - 3 
n 2  a 
The s inuso ida l  va r i a t ions  over a s i n g l e  revolut ion  i n  f igures  4 t o  10 
suggests t h a t  t h e  e r r o r s  might be descr ibable  a s  d i f ferences  between 
Keplerian o r b i t s .  The d i f f e r e n t i a l s  of the  3 components t o  f i r s t  order i n  
e c c e n t r i c i t y  a re :  (Moulton, 1914, p. 171) 
61 = r ( 6 ~  + 26e s i n  M) in- t rack  6 5) 
6 r  = 6a - a6e cos M r a d i a l  Ud 
6 c "  r ( s i n  u 61 + s i n  i cos u 662) cross  - t rack (7') 
where M is t h e  mean anomaly; u t h e  argument of l a t i t u d e ;  6M is  the  m e a n  
value at  each da te  about which the  s i n e  wave v a r i e s ;  ha, the  change i n  major 
a x i s  - genera l ly  l e s s  than 10 meters. From ( 5 )  and ( 6 ) ,  we observe that t h e  
amplitude of t h e  in- t rack  o s c i l l a t i o n  should be twice the  amplitude of the  
r a d i a l  o s c i l l a t i o n  and the  two should be 90 degrees out  of phase. Cornpaxisun 
of f igures  4 and 7 shows t h a t  t h i s  is  indeed the  case - t h a t  t h e  osciP2atioris 
a r e  descr ibable  as d i f fe rences  of Kepler o r b i t s  having s l i g h t l y  different 
e c c e n t r i c i t i e s .  
There is ,  however, one devia t ion .  The pos i t ions  of apogee and perigee 
marked on f igures  4 and 7 ind ica te  a phase angle such t h a t  the  observed 
d i f ferences  a r e  a c t u a l l y  given by: 
+ 26e s i n ( ~ + c p  and 6 r  = 6a - a6e cos(~+eo).  
The phase angle  cp is a non-Keplerian q u a n t i t y  introduced by t h e  f i n e  s t r u c t u r e  
i n  t h e  p o t e n t i a l .  For  K e p l e r i m  o r b i t s ,  CO should be ze ro .  It i s  i n t e r e s t i n g  
"tat cp remains more o r  l e s s  cons tan t  throughout a given a r c .  This  is t r u e  f'or 
each of t h e  models t e s t e d  tilthough t h e r e  a r e  v a r i a t i o n s  i n  t h e  degree of 
constancy. I n  c o n t r a s t  t h e  c ros s - t r ack  o r  ou t -of -p lane  e r r o r s  do not  seem 
-to maintain a cons tan t  phase p a t t e r n  as w e l l  as t h e  in-1,lane components do. 
3.5 Doppler Data 
Use of doppler d a t a  w a s  somewhat more d i f f i c u l t  than o p t i c a l  
because of t h e  l a r g e  volume and the  necess i ty  f o r  including a frequency 
b i a s  parameter on each pass. The NASA d a t a  tapes  were ed i t ed  and sampled 
a t  a r a t e  of 2 points  per minute. 
Tropospheric correc t ions  were ca lcu la ted  from Hopf i e l d  ' s  (1963) model. 
A more recent  model is  ava i l ab le  but  probably not necessary a t  t h i s  time; 
a l s o  we do not  have t h e  necessary meteorological inputs  f o r  the  later model. 
-6 The su r face  r e f r a c t i v i t y  was assumed t o  be a nominal 350 x 10 . The 
e f f i c a c y  of  the  co r rec t ion  i s  i l l u s t r a t e d  b y  t h e  r e s idua l s  i n  f'igure E l ,  
Over an 18 hour span containing 450 observations,  we obtained 
RMS (with tropospheric co r rec t ion)  = .OL2@ hz " 3.3 cm/sec 
RMS (without co r rec t ion)  = .0163 hz a 4.5 cm/sec 
Both t h e  January and J u l y  a r c s  contained approximately 3000 points  i'rorn 
167 and 168 passes r e spec t ive ly .  Convergence w a s  genera l ly  a t t a i n e d  i n  
1 or  2 i t e r a t i o n s .  The RMS of r e s idua l s  obtained from f i t t i n g  with various 
models is given i n  t a b l e  3 (1 hz = 2.8 m/sec). 
Table 3 
RMS Residuals f o r  Doppler Observations 
Model 
M 1  
536 
536 + R 
8~ 
RM. (hz)  Estimated y 
Jan July Jan  - J& 
1 . ~ ~ ( 1 0 ' ~ )  2.21 4 . 6 5 ( l ~ - 9 )  5.98 
3.83 20.47 
1.76 4.80 
1.73 -3.80 
mre ratio i n  t h e  q u a l i t y  of f i t  between t h e  models 5 ~ 6  and M1 i s  about  2.5 
f o r  doppler  and 2.7 f o r  o p t i c a l  (see t a b l e  1). 
Orb i t s  obtained from doppler  were similar t o  those  from o p t i c a l  i n  
nea r ly  a l l  a spec t s .  For  example, t h e  long term p red ic t ion  e r r o r s  of doppler  
solutions e s s e n t i a l l y  coincided with corresponding curves i n  f i g u r e  3. Some 
di_'Z"erences of ephemerides over t h e  f i t  i n t e r v a l  a r e  shown i.11 f i g u r e  13.  
The mipli tudes a r e  l e s s  t han  I+o meters f o r  ca ses  with good agreement and 
60 meters f o r  t h e  poorer ones. 
I n i t i a l l y ,  t h e  plan was  t o  f i t  o p t i c a l  and doppler  d a t a  s e p a r a t e l y  
and "ihe combine t h e  two wi th  t h e  app ropr i a t e  weights such t h a t  t h e  former 
wowldn" be overwhelmed by t h e  numerical preponderance of' t he  l a t t e r .  
However, t h e  e x c e l l e n t  cons is tency  between t h e  two s e t s  of d a t a  made t h i s  
combination unnecessary. For t h e  purposes of t e s t i n g  geopo ten t i a l  models, 
one o r  the  o t h e r  s e t  would do. The remaining could  be used as a redundancy 
check;. Since  t h e  doppler  d a t a  was more cumbersome t o  manipulate,  most of 
t he  tests were made us ing  t h e  o p t i c a l .  
Actua l ly ,  t h e  d i s p a r i t y  i n  weight is  not  ove r ly  heavy i n  favor  of t h e  
doppler. Comparing some s tandard  d e v i a t i o n s  from t h e  covariance matr ix of 
e s t ~ m a t i o n ,  we have f o r  t h e  elements de f ined  i n  2.4,  t h e  va lues  l i s t e d  i n  
Table 4, 
Table 4 
Standard Deviation of Estimation 
'optical  
Jan 
'doppler 
Estimate Es t h a t e  
s t a t e  & b i a s  s t a t e  only 
s t a t e  & bias 
Hence, while t h e  doppler has considerably more weight i n  January the  reverse 
i s  t r u e  i n  J u l y  where t h e  angular observations a r e  numerically comparable 
and have a b e t t e r  geographical d i s t r i b u t i o n .  The above comparison is or i-j 
instance where t h e  covariance matrix seems t o  serve  a use fu l  purpose, 
There i s  some absorption of model induced e r r o r s  by t h e  frequency biases. 
For example f i x i n g  t h e  b iases  a t  the  values derived from t h e  M1 model and 
combining observations with the  o r b i t  based on 5 ~ 6  r e s u l t e d  i n  an fiMS of 
.0639 hz ins tead of t h e  ,0383 given i n  t a b l e  3. The RMS change of 38 
biases  from s t a t i o n  1 4  ( ~ n c h o r a g e )  i n  changing from M 1  t o  5 ~ 6  was -049 h2 
and the  mean w a s  . O 1  hz. The mean is perhaps not  too  meaningful because 
the  changes were systematic. See f i g u r e  12. 
The degradation i n  t h e  standard e r r o r s  of the  i n i t i a l  s t a t e  vector  
caused by the  necess i ty  t o  est imate b iases  is  small - -  about a f a c t o r  of 
%,> .pica1 values a r e  given i n  t a b l e  3 under the  colwnn " s t a t e  only." 
a i l e  t h e  drag f o r c e  is more than two orders of magnitude smaller  than 
radiation pressure,  the  per turbat ions  a r e  not  i n  the  same proportion because 
t h e  in teg ra ted  e f f e c t s  over an o r b i t  a r e  d i f f e r e n t .  Over time periods of n 
month, both per turbat ions  a r e  e s s e n t i a l l y  quadra t ic .  Introducing the  drae, 
;=' 
force (nominal a = .0014 m / n t ,  and Lockheed-Jacchia atmosphere extended) 
into t he  o r b i t  computation r e s u l t e d  i n  the  following changes t o  the  cases 
listed under t a b l e  1. 
Model Estimate of y 
I n  other words, t h e  RMS f i t  remained e s s e n t i a l l y  unchanged while a l l  of the  
-9 values of y increased by about 1.5 - 1.7 (10 ) . Predic t ion  e r r o r s  ca lcu la ted  
from the M l  model had a mean value a t  the  end of the  30 day i n t e r v a l  of 7.65 
km - nearly the  same as t h e  corresponding case  without drag.  Using t h e  value 
of' 2007 meters f o r  each lo-'' increment i n  y obtained i n  ( 1 ) ,  t he  value of y 
w h i c h  would remove t h e  secu la r  t rend i n  the  presence of drag is y i d  = 9.921(10-(I). 
Upon reevaluat ing the  predic t ion  e r r o r s  again with y = y '  t he  mean (over one 
rnd ' 
period) prediction e r ro r s  a t  the  dates given i n  f igure  4 were found t o  
be as follows : 
Date 
-
Jan. 15 
20 
25 
31 
Feb 6 
Mean e r ro r  (m) 
The net  e f f e c t  of drag i s  t o  increase the  value of ym by 2 x lo-' and leave 
a l l  e l s e  about the  same. I n  v i e w  of t he  many var iables  i n  density models 
at  high a l t i t udes ,  it was decided not t o  pursue the drag e f f ec t s  further at 
t h i s  time. 
IV. CONCLUSIONS AND 
With regards t o  t h e  f irst  quest ion mentioned I n  t h e  in t roduct ion ,  
it can be s a i d  t h a t  t h e  model p r e d i c t s  GEOS-I ephemeris with smaller  
errors  than t h e  o the r  unmodified models ; t h a t  when the  5 ~ 6 ,  8D o r  Kohnlein 
n ~ d e l s  a r e  augmented by t h e  Gaposchkin resonant  harmonics, they perform 
d m o s  t a s  we l l  a s  M;h. 
The quest ion of the  predic t ion  e r r o r  magnitude depends on t h e  manner 
Ir. which one chooses the  r a d i a t i o n  pressure and drag  parameters. Assuming 
nominaJvalues of a and y, and holding these  f ixed  while es t imat ing  t h e  
i n i t i a l  s t a t e  r e s u l t s  i n  e r r o r s  of about 7-8 km a f t e r  30 days. This is 
&so the magnitude obtained by solv ing f o r  y over a 6-day a r c  using a 
gec2otentlaL model which contains the  Gaposchkin-Veis resonance terms. 
Solving f o r  y i n  t h e  presence of o the r  resonant  c o e f f i c i e n t s  o r  omit t ing 
-:he t e r m  a l toge the r  could introduce 25-30 km discrepancies  a f t e r  1 month. 
F ina l ly ,  by a c a r e f u l  s e l e c t i o n  of y (wi th  or  without drag) the  
predic t ion  e r r o r  could be reduced t o  a  l e v e l  of 1-2 km. The quest ion i s :  
how docs one f i n d  the  "pr0per"value of y? 
One p o s s i b i l i t y  i s  t o  perform measurements on a labora tory  model. 
Since Vie s a t e l l i t e  i s  asymmetrical, t h e  cross  s e c t i o n a l  area t o  r a d i a t i o n  
changing as  a  funct ion  of  t i m e .  A c a r e f u l  modeling of the  cross-sec t ion  
and t h e  r e f l e c t i v i t y  could r e s u l t  i n  a  b e t t e r  approximation t o  the  t r u e  y. 
Over  time periods of a month and longer,  it appears worthwhile t o  introduce 
a time-dependent a r e a  i n t o  dynamical ca lcu la t ions .  
A second approach is  t o  use an a p o s t e r i o r i  es t imate  from t h e  p r i o r  
nonth t o  p red ic t  f o r  the  next month. For example, t h e  b e s t  es t imate  of y 
from t h e  January a rc  (as derived i n  sect ion 3.4) could be used f o r  Feb--my 
predictions and the  bes t  adjusted value from February would be used for 
March, e t c .  I n  place of the  method i n  3.4, y could be estimated d f r e c t l y  
by using a longer f i t  span. Over time spans of 3 weeks t o  a month, the re  
should be l i t t l e  a l i a s ing  of po ten t ia l  model e r ro r s  i n t o  y.  The drag 
influence is comparatively small and should, i n  any case, be absorbed by y, 
It does not seem unreasonable t o  expect e r ro r s  of l e s s  than 1 km after a 
month with current  models. The experiments i n  t h i s  paragraph a r e  interesting 
ones t o  t r y  out on GEOS type o rb i t s ,  pa r t i cu la r ly  GOES-I1  which seems to fht 
the  MI model considerably worse than GEDS -I (Marsh, 1969) . 
Since a l l  four models a re  capable of predicting an ephemerides accurate 
t o  1-2 km a f t e r  a month (within t h i s  range, the  qua l i ty  r a t i ng  i s  MI, 8D, 
5 ~ 6 + ~ ,  5 ~ 6 ,  ~ o h n l e i n ) ,  the  choice of a "preferred" model evolves from other 
fac tors .  One c r i t e r i o n  which has some prac t ica l  considerations is t h a t  of 
computation time. The time required t o  ca lcu la te  a 36 day ephemeris for 
various models are: 
Central  processor time 
Model on CIX 6600 computer 
536 
5 ~ 6 + ~  
m 
81, 
Kohnlein 
640 ( sec)  
700 
800 
1000 
1060 
Evidently, the re  a r e  some s ign i f i c an t  savings t o  be gained from using the  
smaller models . 
The t e s t  models nted by the  Gspo~cmin-Vef s resonance terms 
perform very well with respect  t o  t he  GEOS-I orb i t .  m e t h e r  t h e  same 
applies t o  other o r b i t a l  geometries can only be de t e rdned  from. fu r ther  
invest igat ions .  
Appndix 1, M o r d i z e d  Geopotentiah Coeff ic ients  x 10 4 
A p ~ n d i x  2 . I'lorma:! i zed Geopotentizl C0el'i.i cicntsfi (~orli) 
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ABSTRACT 
Coordinates  f o r  2 3  NASA STADAN and SPEOPT o p t i c a l  
and 2 NASA l a s e r  t r a c k i n g  s i t e s  have been dynamically 
es t imated  from GEOS-I and I 1  d a t a .  To s t r e n g t h e n  t h e  
s o l u t i o n s ,  SAO Baker-Nunn o p t i c a l  d a t a  were a l s o  used 
w i t h  t h e  SAO s t a t i o n  coo rd ina t e s  h e l d  f i x e d  a t  t h e i r  
1 9 6 9  6 6  v a l u e s .  Mul t i p l e  2-day a r c s  were used t o  mini-  
m i z e  model e r r o r  e f f e c t s .  
An a n a l y s i s  of model e r r o r  e f f e c t s  and comparison 
of  r e s u l t s  wi th  t h e s e  of SAO sugges t  an u n c e r t a i n t y  of 
perhaps 5 m  no r th -  sou th  ( l a t i t u d e )  and e a s  t -wes t  ( l o n g i -  
t u d e )  f o r  most s t a t i o n s  i n  North America. Height  f o r  
t h e  NAD s i t e s ,  and l a t i t u d e ,  l o n g i t u d e ,  and h e i g h t  e l s e -  
where a r e  u n c e r t a i n  by 10-15m i n  most c a s e s .  
SECTION 1. 
INTRODUCTION 
The GEOS-I  and I 1  s a t e l l i t e s ,  e x t e n s i v e l y  o b s e r v e d  
by a  wide v a r i e t y  of  t r a c k i n g  sys t ems  w i t h  good g e o g r a p h i c  
c o v e r a g e ,  p r o v i d e  an u n u s u a l  o p p o r t u n i t y  f o r  s a t e l l i t e  
geodesy .  L i t e r a l l y  t e n s  o f  thousands  of  p r e c i s i o n -  
r educed  o p t i c a l  o b s e r v a t i o n s  i n  t h e  p e r i o d  1966-69 a r e  
a v a i l a b l e ,  a l o n g  w i t h  many thousands  of  p a s s e s  o f  l a s e r  
and e l e c t r o n i c  d a t a .  Our i n i t i a l  a n a l y s e s  were d e s i g n e d  
t o  p r o v i d e  a c c u r a t e  c o o r d i n a t e s  f o r  NASA o p t i c a l  and 
l a s e r  s i t e s .  
The GEOS-I and 11 s a t e l l i t e  o r b i t a l  s p e c i f i c a t i o n s  
a r e  p r e s e n t e d  i n  T a b l e  1. The o r b i t s  a r e  complementary 
t o  one a n o t h e r ,  i n  t h a t  combined GEOS-I and I1  s o l u t i o n s  
p r o v i d e  e x c e l l e n t  geometry f o r  s t a t i o n  r e c o v e r y .  
Resonance i s  a problem f o r  t h e  G E O S - s a t e l l i t e s  , b u t  can  
be d e a l t  w i t h  e i t h e r  by a d j u s t i n g  r e s o n a n t  g e o p o t e n t i a l  
c o e f f i c i e n t s  [ 1 1  o r  by u s i n g  m u l t i p l e  s h o r t  o r b i t a l  a r c s .  
Our approach  t o  t h e  s t a t i o n  e s t i m a t i o n  problem 
was dynamica l  u s i n g  C o w e l l ' s  method t o  s o l v e  t h e  equa-  
t i o n s  o f  mot ion .  The o r b i t a l  s o l u t i o n s  i n c l u d e d  an  equal 
amount of  SAO Baker-Nunn d a t a  i n  a d d i t i o n  t o  t h e  STADAN- 
SPEOPT M i n i t r a c k  O p t i c a l  T r a c k i n g  System (MOTS) o b s e r v a -  
t i o n s .  T h i s  s e r v e d  t o  g r e a t l y  s t r e n g t h e n  t h e  s o l u t i o n s ,  
p a r t i c u l a r l y  f o r  t h o s e  s t a t i o n s  w i t h  l i m i t e d  d a t a .  
TABLE 1 
ORBlTAL ELEMENTS OF GEOS I  AND I1 
Lpoch 
Rpogce I l e i g h t  
Perigee i l e i g h t  
i > c c c n t r i c i t y  
I n c l i n a t i o n  
R n o m a i i s t i c  P e r i o d  
GEOS I  
J a n u a r y  2 ,  1966 
2273 K i l o m e t e r s  
1116 K i l o m e t e r s  
0 .07  
59.4 Degrees  
120 .3  Minu te s  
GEOS I1 
A p r i l  28 ,  1968  
1569 K i l o m e t e r s  
1077 K i l o m e t e r s  
0 . 0 3  
1 0 5 . 8  Degrees  
1 1 2 . 1  M i n u t e s  
The Baker-NURR station positions were held fixed 
a t  t h e i r  1969 ( 2 )  values referred to the C6 Earth. Thus 
the SAO 1969 gravity model was used for all analyses. 
This model appears to be the best avaixable. However, 
unmodeled iong-period perturbations approaching 50 m 
(due to resonance) and additional shore periodic errors 
exist. 
To estimate t h e  errors of our positions, we 
analyzed the effects of gravity model error, SAO station 
position error, and error in GM. The position uncer- 
tainty produced by the assumed gravity m ~ d e l  error was 
g e n e r a l l y  5-15 m. Other effects, including data noise, 
account for 2-3 m position error. These good results, 
in some cases obtained with GEOS-I data alone, are the 
direct result of the high quality data and good coverage 
afforded by the s a t e l l i t e - b o r n e  flashing l i g h t s .  
SECTION 2 .  
SELECTION OF OPTICAL DATA 
F i g u r e  1 shows t h e  g e o g r a p h i c  d i s t r i b u t i o n  of t h e  
SAO Baker-Nunn and STADAN/SPEOPT s i t e s .  Note  t h e  concen-  
t r a t i o n  of t h e  STADAN/SPEOPT s i t e s  i n  N o r t h  Amer ica ,  i n  
c o l ~ t r a s t  t o  t h e  wor ldwide  d i s t r i b u t i o n  of  SAO p o s i t i o n s .  
We a t t e m p t e d  t o  o b t a i n  s t a t i o n  o b s e r v a t i o n  geomet ry  
t h a t  would min imize  model e r r o r  e f f e c t s .  T h i s  r e q u i r e s  
pa s se s  on a l l  s i d e s  o f  t h e  s t a t i o n  and i n  o p p o s i n g  d i r e c -  
t i o n s .  U n f o r t u n a t e l y  f o r  t h e  c a s e  of GEOS-I1 d a t a  t h i s  
l a t t e r  r e q u i r e m e n t  c o u l d  n o t  b e  met b e c a u s e  t h e  d a t a  
was t a k e n  o n l y  on S o u t h - N o r t h  p a s s e s .  F i g u r e  2 shows t h e  
geo~ l r e t ry  of  t h e  p a s s e s  f o r  an  i d e a l  c a s e ,  t h e  E d i n b u r g ,  
' l 'cxas s i t e .  The l e n g t h  of  t h e  l i n e s  i n d i c a t e s  t h e  p a s s  
Bcng ths .  Coverage o f  t h e  e x t e n t  shown i n  F i g u r e  2 was 
n o t  available i n  a l l  c a s e s ,  b u t  was s u f f i c i e n t  i n  n e a r l y  
c v e r y  c a s e  t o  o b t a i n  an  a c c u r a t e  p o s i t i o n .  
T a b l e  2 p r e s e n t s  t h e  number o f  o b s e r v a t i o n s  u s e d  
for e a c h  s i t e .  We examined 140 two day  a r c s  c o n t a i n i n g  
a p p r o x i m a t e l y  60 ,000  o b s e r v a t i o n s .  About 1 3 , 0 0 0  STADAN/ 
SPI;OPT o b s e r v a t i o n s  and a n  e q u a l  number o f  SAO Baker-Nunn 
p o i n t s  i n  60 two day  a r c s  were u s e d  i n  t h e  d e t e r m i n a t i o n .  
'Tables  3 ,  4 ,  and  5 g i v e  t h e  SAO 1969 l 2  9 '1 , g r a -  
vity model and  s t a t i o n  c o o r d i n a t e s  a d o p t e d  f o r  o u r  work.  
An e v a l u a t i o n  (Marsh and  D o u g l a s ,  1970)  1 4 ]  o f  g r a v i t y  
rnodcls has  d e m o n s t r a t e d  t h e  g e n e r a l  s u p e r i o r i t y  o f  t h e  
S A O  1 9 6 9  model .  Iiowever, s i g n i f i c a n t  e r r o r s  s t i l l  e x i s t  
i n  t h i s  model .  F i g u r e  3 shows a p p a r e n t  t i m i n g  e r r o r s  f o r  
range d a t a  f rom t h e  Rosman, N . C .  GRARR s i t e  computed from 
5 1 / 2  day GEOS-I1 o p t i c a l  r e f e r e n c e  o r b i t .  Note t h a t  
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t h e  s a t e l l i t e  a l t e r n a t e l y  l e a d s  and l a g s  i n  i t s  o r b i t  
h y  up t o  6 o r  more m i l l i s e c o n d s .  The 6+ day p e r i o d  of 
t h i s  o s c i l l a t i o n  i s  of  c o u r s e  t h e  same a s  t h e  b e a t  
p e r i o d  of GEOS-I1 and i s  t h u s  a  r e s u l t  of i n a d e q u a t e l y  
modeled r e s o n a n c e .  However, o u r  c h o i c e  of  two day a r c s  
c f S e c t i v e l y  e l i m i n a t e d  unmodeled r e sonance  a s  a  s i g n i -  
f i c a n t  f a c t o r .  We o b t a i n e d  good s o l u t i o n s  t h r o u g h  t h e  
use  of  many of t h e s e  r e l a t i v e l y  s h o r t  a r c s .  
SECTION 3 .  
IIESULrI'S I:01t OI"'T ICAL STATIONS 
T a b l e  6 p r e s e n t s  o u r  C-6 c e n t e r  of  mass p o s i t i o n s  
f o r  23 STADAN and SPEOPT s i t e s .  
The  e r r o r s  i n  ou r  c o o r d i n a t e s  were e s t i m a t e d  by 
t h e  method o f  e r r o r  a n a l y s i s  o u t l i n e d  i n  t h e  append ix .  
We c o n s i d e r e d  e r r o r s  i n  t h e  g r a v i t y  model ,  t h e  SAO 
s t a t i o n  p o s i t i o n s ,  and e r r o r  i n  G M .  The e r r o r  i n  t h e  
g r a v i t y  model was t a k e n  t o  be  t h e  d i f f e r e n c e  be tween 
t h e  SAO 66 and SAO 69 g r a v i t y  models th rough  ( 8 , 8 )  p l u s  
20% e r r o r  chosen  f o r  t h e  r e s o n a n t  t e r m s .  T h i s  e r r o r  of  
r e s o n a n t  te rms i s  abou t  2 t i m e s  t h a t  i n d i c a t e d  by 
F i g u r e  3 ,  b u t  an e r r o r  of  t h i s  s i z e  p roved  t o  have l i t t l e  
e f f e c t  because  o f  t h e  s h o r t  a r c s  ( 2  days )  u s e d .  The 
e r r o r  assumed f o r  t h e  low d e g r e e  and o r d e r  te rms i s  a l s o  
p e s s i m i s t i c ,  i n  t h a t  i t  i m p l i e s  t h a t  t h e  SAO 1969 model 
i s  n o t  improved o v e r  t h e  SAO 1966 model f o r  (R,m) < ( & , $ ) ,  
The SAO s t a t i o n  p o s i t i o n  e r r o r  was t a k e n  t o  be 
10 m i n  each  c o o r d i n a t e  which i s  p r o b a b l y  p e s s i m i s t i c .  
I t  w i l l  be  s e e n  t h a t  a n  e r r o r  o f  t h i s  magni tude  h a s  
l i t t l e  e f f e c t  on o u r  e s t i m a t e s  of s t a t i o n  p o s i t i o n .  The 
g r a v i t y  model e r r o r  assumed th rough  ( 8 , 8 )  was by f a r  she 
most i m p o r t a n t .  
T a b l e  7 shows t h e  r e l a t i v e  c o n t r i b u t i o n s  t o  e r r o r  
i n  l a t i t u d e ,  l o n g i t u d e  and h e i g h t  of  t h e  assumed g r a v i t y  
modcl e r r o r  th rough  ( 8 , 8 )  and t h e  assumed 10 me te r  (each  
c o o r d i n a t e )  SAO s t a t i o n  p o s i t i o n  e r r o r .  The c o n t r i b u t i o n  
of  SAO s t a t i o n  e r r o r  i s  n e a r l y  c o n s t a n t  and o n l y  a  few 
meters .  The g r a v i t y  model e r r o r  e f f e c t s  a r e  p a r t i c u l a r l y  
l a r g e  f o r  t h e  GEOS-I1 s t a t i o n s  where i n f e r i o r  cove rage  
was o b t a i n e d .  
TABLE 6 
S T A D A N - S P E O P T  S T A T I O N  C O O R D I N A T E S  
G e o d e t i c  Height Above 
Num- Latitude E a s t  Longitude E l l i ~ s o i d  
> r  r t i ~ ~  Name 
- - - -- --- 
b e r  (deg min s e c )  (deg mi; s e c )  (rneiers) 
~ : ) l o s s o : ~  P t , ,  Md. 
: : : - ; i : t  p j y e r ~ ,  F l a .  
Santligo, Chi le  
. .. - 
:~,c: i d s t ~ i l e ,  C a l i f .  
i' 4- 
.i i, .!ohi-ts , 
Nc;-,;Toarldinnd 
. ~ ! ; .  Grand F o r k s ,  
,. ,: " 
- 1  ?.IiYi. 
l ~ i i n k i i e l d ,  Eng. 
# "> 
I ;j 13 ; :I ;! ;C 1 V c. 
i:, Gr2,n:i F o r k s ,  
j ! i ~ l n ,  
scnvcr, iof. 
-7 ~ 
,i L I ~ , , I  ti:r , Florida 
> i i ~ i t ? u r ) ~  , Canada 
-, k i n g s t o n ,  J a m a i c a  
TABLE 7 
EFFECTS OF ASSUMED SAO STATION POSITION AND 
GRAVITY MODEL ERROR ON STATION COORDINATES 
L a t i t u d e  L o n g i t u d e  H e i g h t  
( m e i e r s )  ( m e t e r s )  (meters) 
Num- G r a v -  S t a -  G r a v -  S t a -  Grav- Stz- 
S t a t i o n  Name b e r  i t y  t i o n s  i t y  t i o n s  i t y  tbons 
B l o s s o n ~  P o i n t ,  Md. 
1:t. M y e r s ,  F l a .  
Woornera, A u s t .  
S a n t i a g o ,  C h i l e  
G o l d s t o n e ,  C a l i f .  
J o h a n n e s b u r g ,  S .  A f r .  
S t  .' J o h n s ,  Newfqund- 
l a n d  
L .  Grand F o r k s ,  Minn.  
W i n k f i e l d ,  U . K .  
Rosman, N . C .  
O r r o r a l ,  A u s t .  
Rosman,  N . C .  
T a n a n a r i v e ,  M a d a g a s c a r  
L a s t  Grand  F o r k ,  Minn.  
L d i n b u r g  , T e x a s  
C o l u m b i a ,  Mo. 
Bermuda 
S a n  J u a n ,  P . R .  
G r e e n b e l t ,  Md. 
D e n v e r ,  C o l o .  
, J u p i t e r ,  F l a .  
S i ~ t l h u r y  , O n t a r i o  
I< i 11gs t o n ,  J a m a i c a  
Table 8 compares o u r  r e s u l t s  f o r  some MOTS s t a t i o n s  
w i t h  t h o s e  o b t a i n e d  by Lambeck (1969) by a d i f f e r e n t  
( g c o ~ n e t r i c a l )  method. The agrekment  i n  l a t i t u d e  and  
l o n g i t u d e  i s  v e r y  s a t i s f y i n g ,  and s u g g e s t s  t h a t  o u r  
e s t i m a t e  o f  g r a v i t y  model e r r o r  was i n d e e d  p e s s i m i s t i c .  
' Ihe  s y s t e m a t i c a l l y  much l a r g e r  d i f f e r e n c e  i n  h e i g h t  was 
n o t  c x p c c t c d  from g r a v i t y  model e r r o r ,  and  hence  r e q u i r e s  
C u r t h e r  i n v e s t i g a t i o n .  

SECTION 4 .  
LASER STATION ESTIMATION 
The u l t i m a t e  g o a l  o f  o u r  work i s  t o  o b t a i n  s o l u -  
t i o n s  from combined l a s e r ,  o p t i c a l ,  and e l e c t r o n i c  d a t a .  
T h e  combined s o l u t i o n s  s h o u l d  b e  much s t r o n g e r ,  and 
many more c o n t r o l  p o i n t s  f o r  datum o r i e n t a t i o n s  w i l l  b e  
o b t a i n e d .  
A s  an  i n i t i a l  a t t e m p t  t o  o b t a i n  combined s o l u -  
t i o n s ,  we have o b t a i n e d  p o s i t i o n s  f o r  t h e  Goddard Space  
F l i g h t  C e n t e r  and Wallops I s l a n d  l a s e r  t r a c k i n g  s i t e s  
Lrom combined o p t i c a l  and l a s e r  d a t a .  F i v e  two day 
a r c s  were u s e d  f o r  t h e  Wallops s i t e  and s e v e n  two day 
a r c s  were used  f o r  Goddard Space  F l i g h t  C e n t e r .  The 
66 p o s i t i o n s  d e r i v e d  a r e  g i v e n  i n  t a b l e  9  , below.  
G e o d e t i c  Heig,ht  ( m e t e r s )  
S t a t i o n  L a t i t u d e  E .  Long i tude  Above E l l i p s o i d  
Goddard (7050) 39°01'14'. '5 283"10118'!3 - 9  
Goddard (SAO d e t . )  39"01114'.'2 283"10118'!2 + 5 .  
(7050) 
Wallops I s l a n d  37'51'  3s1!9 284029'24~!,i  - 6 5 
( 7 0 5 2 )  
'I'ABLE 9 
LASER SITE LOCATIONS 
l ' hc  s o l u t i o n  f o r  t h e  Wallops l a s e r  s i t e  c o n t a i n e d  a b o u t  
2 ,000  o p t i c a l  o b s e r v a t i o n s  and  8b0 l a s e r  r a n g e s .  'fie 
.a p r i o r i  s t a n d a r d  d e v i a t i o n  assumed was two s e c o n d s  f o r  
o p t i c a l  d a t a  and 3m f o r  r a n g e  d a t a .  The rms f i t  f o r  
t h e  r i g h t  a s c e n s i o n  and  d e c l i n a t i o n  measurements  i n  t h e  
conve rged  s o l u t i o n  was 1 . 9  s e c o n d s  of  a r c .  The rms of  
f i t  f o r  r a n g e  measurements  was 2 . 7  m .  S i m i l a r  r e s u l t s  
were o b t a i n e d  f o r  t h e  Goddard l a s e r  s o l u t i o n .  T h i s  
l a t t e r  s o l u t i o n  c o n t a i n e d  1 , 8 0 0  o p t i c a l  o b s e r v a t i o n s  
and 1250 l a s e r  o b s e r v a t i o n s .  I n  b o t h  c a s e s ,  o n l y  a b o u t  
1 / 1 5  oP t h c  a v a i l a b l e  l a s e r  d a t a  i n  e a c h  p a s s  was u s e d .  
T a b l e  9 a l s o  shows t h e  SAO [ I 1  r e s u l t  f o r  t h e  
Goddard l a s e r  s i t e .  A s  b e f o r e ,  t h e  most  s e r i o u s  d i s -  
c r epancy  i s  i n  h e i g h t ,  and o u r  h e i g h t  i s  a g a i n  l o w e r .  
A check  o f  t h e  s h i f t s  f o r  c o n v e r s i o n  of  Nor th  American 
Datum c o o r d i n a t e s  t o  c e n t e r  o f  mass c o o r d i n a t e s  shows 
t h a t  b o t h  SAO and Goddard have  i n c o n s i s t a n c i e s  be tween  
l a s e r  and o p t i c a l  s o l u t i o n s  f o r  h e i g h t s  a p p r o a c h i n g  
1 0  m ,  i n  a d d i t i o n  t o  t h e  p r e v i o u s l y  n o t e d  d i f f e r e n c e  
i n  h e i g h t  o b t a i n e d  f o r  t h e  same o p t i c a l  s t a t i o n s .  
SECTIOhi 5 .  
CONCLUSIONS 
We conc lude  t h a t  t h e  u s e  of  m u l t i p l e  s h o r t  ( 2  day)  
o r b i t  a r c s  i s  a  v a l i d  means of d e t e r m i n i n g  a c c u r a t e  
station p o s i t i o n s .  G r a v i t y  model e r r o r  e f f e c t s ,  p a r t i -  
c u l a r l y  r e s o n a n c e ,  a r e  minimized by t h e  u s e  of  s h o r t  
a r c s .  A l s o ,  t h e  s o l u t i o n  i s  l e s s  complex b e c a u s e  p e r i o d s  
where o b s e r v a t i o n s  a r e  s p a r s e  o r  a b s e n t  a r e  e x c l u d e d .  
T h e  s t r e n g t h  of  t h e  s o l u t i o n  l i e s  i n  t h e  u s e  of  m u l t i p l e  
a r c s  w i t h  p a s s e s  on a l l  s i d e s  of t h e  s t a t i o n .  
Comparison of  SAO o p t i c a l  and l a s e r  r e s u l t s ,  and 
o u r  o p t i c a l  and l a s e r  r e s u l t s  shows s y s t e m a t i c  d i f f e r e n c e s  
i n  s t a t i o n  h e i g h t ,  b u t  v e r y  c l o s e  agreement  i n  l a t i -  
t u d e  and l o n g i t u d e .  Thus ,  o u r  l a t i t u d e  and l o n g i t u d e  
u n c e r t a i n t i e s  e s t i m a t e d  from g r a v i t y  model e r r o r  a r e  
p e s s i m i s t i c ,  b e i n g  l a r g e r  t h a n  i n d i c a t e d  by t h e  a g r e e -  
ment between o u r s e l v e s  and SAO. The e x i s t e n c e  of  t h e  
l a r g e  s y s t e m a t i c  d i f f e r e n c e  i n  h e i g h t  between 
Goddard and SAO o p t i c a l  s o l u t i o n s ,  i n d i c a t e s  t h a t  f u r t h e r  
a n a l y s i s  i s  r e q u i r e d .  The need  f o r  combined s o l u t i o n s  
c o n s i s t i n g  of b o t h  a n g l e  and s c a l e  d a t a  i s  a l s o  under -  
s c o r e d .  
SECTION 6 
THE GODDARD 1970 DIRECTORY OF 
TRACKING STATION COORDINATES 
There is a great need for a unified set of station 
coordinates for the complete spectrum of tracking instru- 
ments. To this end, we have used our positions and the 
SAO Baker-Nunn positions as control points to obtain 
shifts from local to center of mass coordinates (SAO 
C-6) for more than 100 sites including Minitrack, C-Band, 
Unified S-Band, Laser, and many others. This directory, 
to be published by NASA in the summer of 1970, will in 
most cases provide positions accurate to 20 m or better, 
These coordinates will provide a highly accurate means for 
many orbit analyses and will serve as an accurate starting 
point Tor future investigations. 
ICIilIOIi ANALYSIS 
'd'he OliAN (Orbital Analysis) computer p r o g r m  used for this study was 
tlesigned for. computing the effects of random a d  syskmat ic  e r r o r s  on minimum 
variance orbit determinations. Systematic e r r o r s  can be in the form of either 
adjusted o r  unadjusted parameters,  with the effects of the latter broken down into 
effccts of the individual e r r o r  sources. The program computes the effects of the 
unadjusted parameters on both the recovered parameters and the orbit, with the 
orbital effects propagated from epoch to any desired prediction time, 
'I'he program is  configured for multiple arcs ,  with some e r r o r  model param- 
e ters  such as  station positions constrained to be common to all  arcs,  and other 
parameters,  such as  measurement biases, which differ from a r c  to arc. 
Force model e r r o r s  can ar ise  from uncertainties in geopotentiarl coefficients 
"khrrough degree and order  20. Uncertainties in up to 44 individual coefficients 
can be carried, and any of these may be either adjusted o r  their unadjusted effects 
propagated. Alternately, o r  in addition, the force model e r r o r  earl be carried as 
the differences between complete gravity models in which case the restriction t o  
44 parameters does not apply. The SAO, 4PL, and W L  models a r e  built into the 
program and the differences between any two of these three, o r  any complete 
model supplied a s  input, a r e  available a s  force model e r ro r s .  Note that the 
gravity model difference is treated a s  a single parameter,  and 43 geopotential 
~ ~ a r a m e t e r s  may also be considered a s  adjustable. Of course, adjusting a geo- 
pohntial coefficient removes it  from the nlodel difference set. 
Matllemntically, the u rna le led  e r r o r  propagation is  based on the following 
observations. 'I'he minimum variance orbit determination uses the basic equation 
X O  A h a  t r 
to rclatc discrepancies ( b 0 )  between measured and calculated observations to  
tliscrepaneies (o) between true ant1  - a priori estimates of the set of parameters 
to kx recovereal. 'She se t  ;>:I includes the six orbital elements but may also 
include other parameters. 'I'he matrix A i s  the s e t  of partial derivatives of the 
measurements with respect to  the adjustable parameters,  and e is  a vector of 
measurement "noise." When the least squares criterion i s  used to solve (1) for 
the best estimate of a, the result is  
where W is  the matrix of measurement weights. For the solution to  be minimum 
variance, the weight matrix must be chosen such that 
That is, W must be the inverse of the variance covariance matrix of measure- 
ment noise. In the normal data reduction programs, W is generally s o  chosen 
because it actually is  measurement random e r ro r ,  in which case W is rath,er 
accurately expressed a s  a diagonal matrix. 
For various reasons, the se t  of parameters adjusted in data reduction pro- 
grams is only a subset of those parameters having some er ror .  For  example, 
our knowledge of geopotential coefficients i s  by no means complete. Yet a 
truncated model is  always (of necessity) used, and the e r r o r  in all  coefficienb 
used is ignored in all  variance computations. Because the net effect is that e is 
not random yet contains definite systematic components, we can obtain a more 
accurate representation of the measurement discrepancy vector by express iw 
e as  
where y is a se t  of e r r o r s  in parameters previously ignored, K i s  the matrix of 
partial derivatives of the measurements with respect to these parameters,  and 
c is  the vector of measurement random noise upon which W is  still based, Sub- 
stitution of (4) into (1) gives 
If the weight matrix for the measurcments is based on (- and is the same as that 
used in the data reduction program, it  follows that the solution for  S actually 
being ot)tainctl is not that given by (2), but actually i s  a "biased" solution given by 
k'rom this relation, we may obtain by differentiation the effects of "unit" values 
of the s e t  of Y parameters,  
Bt follows that if the matrix K can be obtained, the effects of unit values of the Y 
parameters a r e  obtained by substituting K for the 80 vector used in the data 
reduction program. A priori estimates of e r r o r s  in the y parameters lead to 
-- 
aaa estimate of the magnitudes of the effects on recovered parameters,  and the 
trajectory, of each 'Y parameter. 
IJncertainties in the y ' s  a r e  generally uncorrelated. If their  correlations 
are Pcnown o r  can otherwise be accounted for,  an estimate of the total o r  overall 
accEtsrtpcy of the orbital solution is readily obtainable. For  this study, e r r o r s  in 
stataon lo<*ations, <:M, and the geopotential were considered. 
We wish to acknowledge the important contri- 
butions to this work of P. Ruttkay and S. Klosko. 
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I n  way of introduction, a brief. history of the NAD Survey Adjustments from 
Optical Short Arcs performed by DBA Systems for Goddard Space Flight Center (GSFC) 
since early 1968 w i l l  be given.. . 
The original work was done by Duane Brown in 1968 (Reference 1) and he pre- 
sented the results of a 17 Station Network of MOTS and PC-1000 Cameros participating 
on 38 short arcs. In  this report, he stressed the importance of short arc technique of 
recovering station coordinates without constraining baselines to enforce scale; scale 
being derived dynamically with the proper choice of wel l  distributed short arcs, a 
good value of the gravitational parameter p, and the position of the origin station 
known. 
In  furtherance of this study, work was performed by J. J. Lynn (Reference 2) 
to investigate the practical value of deriving scale by orbital dynamics. He used the 
same 38 short arcs as Brown had previously, but restricted the tracking network to 13 
MOTS sites. The PC-1000 stations were deleted due to a suspected error in the data 
preprocessing. The purpose of the study was to determine the effects of (1) errors in 
gravity parameter, p , and (2) errors in  the assumed position of the fixed station, on 
the precise determination of the positions of the 13 MOTS stations on or near the 
North American Continent. This was accompl ished by making several reduct ions with 
varying values of p ,  and by perturbing the Cartesian Coordinates of the origin station 
by 50 meters i n  each component, one at a time. 
As a by-product of Lynn's study, i t  was hoped that the survey recoveries would 
be sufficiently improved to provide the best possible Optical ~eference Orbits for use 
'in the Systems Intercomparison Study. To this end, the study w i l l  continue with plans 
to increase the data set by sdding peripheral MOTS stations, SAO stations, and Air 
Force PC-1000 sites. 
The most recent results were obtained i n  April 1970. This was a repeat of the 
sum-wey recovery on the NAD that Lynn had reported earlier. The fact that about 10 
1 
percent of the MOTS GEOS I observations that were placed in  the National Space 
Sciences Data Center (NSSDC), had to be reprocessed prompted this rerunning. The 
error in the MOTS data was reported in  January 1969 by D. W. Harris, (Reference 3). 
This error occurred i n  the reduction procedure when the camera was pointed at or near 
the starions local meridian and affected about 350 plates. The reduction program at  
N e w  Mexico State University (NMSU) was corrected and the plates were reprocessed 
and submitted to NSSDC in mid-1969. The corrected data was not available from the 
NSSDC unti l  mid-October 1969, however, due to timing differences in the two data 
sets which necessitated some program changes. 
As a matter o f  curiosity, a comparison was made between the data that was in 
error and the data that was used in  the 38 Short Arcs. The data had undergone several 
levels of editing over the years and i t  was assumed that most of the bad data had been 
deleted. I t  was discovered, however, that of the 311 plates used in the 38 short arcs, 
28 were listed as being in error. This represented almost 10 percent of  the data and 
it  was decided to rerun the survey recovery with the corrected data. 
The new NAD survey corrections, Table 2, were evaluated on the basis of the 
deviations of the corrections from those of the earlier recovery, given in Table 1. These 
eariier results are presented graphically in  Figures 1 and 1A. The differences in  the 
two recoveries are given in Table 3. These differences are represented graphically in 
Figures 3, 3A, 4, and 4A. The dot represents the earlier corrected surveys and the 
triangle represents the latest survey corrections, the latter using the corrected MOTS 
data. The general trend in the new recovery was a movement toward the origin station 
(CoBwmbia). From the earlier recovery, a change in  scale (increase of 3.9 parts per 
million)was obtained. The new results would indicate a decrease in this value to 1 -9 
parts per million. The 1.9 parts per mill ion increase over the ini t ial  NAD s c a l e  couid 
be accounted for by two dynamic effects. One i s  the error in  the gravitational pararn- 
eter, p , and the other i s  the uncertainty of the origin station with respect to the cen- 
ter of mass of  the earth. 
Short arc dynamic scaling i s  dependent on the error, Ap, , in the gravitational 
parameter, p , and in the uncertainty of  the station designated as origin with respect 
I 
to the center of mass of the earth. Kaula (1965) has shown that the er ror  
in scale, As/s, due to error Ap i n  the gravitational parameter p i s  given by 
In the report published by Lynn (Reference 2), he reported that the change in 
scale of -2.2 parts per mill ion from a solution that used a value for p of 3e986013x10'4 
m3/seca to one that used a p value of 3.986032~10'~ m3/sec2. The reductions were 
identical except for the p values used, a difference (Ab) of -4.75 parts per m i l l i o n .  
According to Kau la's formula, this would translate to a proportional scale error  sf 
., 
-1.58 parts per million, leaving only -.6 parts per mill ion unaccounted for. 
In earlier reductions, pronounced proportional scale changes have also been 
seen when the height of the origin station was perturbed. In a l l  of these cases, the  
origin station was essentially at the center of short arc passes. A perturbation of 50 
meters in  Columbia% Y-component of position produced a 13 parts per mil%ion scale 
change. From what has been observed, a 20 meter error in the center of mass could 
result i n  a possible proportional scale error of 5 parts per million. This 20 meters i s  
consistent with the uncertainty in  the center of mass for some of the better earth models, 
In the tracking sysfems evaluation studies, a criteria of 5 meters uncertainty for the 
tracking station positions has been set. The 20 meter uncertainty in  the center sf  
mass would restrict us to a network within a million meters of the origin which would 
rule out the North American peripheral sites. I f  the uncertainty in  the center of mass 
of the earth i s  reduced to 10 meters (one of the goals of the National Geodetic 
Satellite Program), then the proportional scaling error would be down to 2,5 parts per 
million, allowing short arc survey recovery to a 5 meter accuracy for a network 
extending 2 mill ion meters from the origin. 
Of particular interest i n  the survey recoveries was the 29 meter eastward 
adjustment of the Bermuda site. The same trend has also been noted by other investi- 
gators. 
In conclusion, we found that the use of the corrected MOTS data did affect 
the overall solution as shown in  Table 4, and reduced the scale by one-half. O f  the 
I 
differences in the two sets of results, 75 percent of the station adjustments were sti l l  
within the 6 meters estimated uncertainty of the positions. 
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Table 2 
GSFMA 
BPOMA 
J LP4MA 
FTklMA 
BERMA 
COLMA 
DENMA 
EDIMA 
GFOMA 
JAMMA 
MOJMA 
PURMA 
ROSMA 
- Correct ions 
Corrected Data, Edited 
(meters) 
Mean 2.4 6.3 -3.6 
Standard 
Deviations 
Corrections with Mean 
Removed 
Table 3 
GSFMA 
BPOMA 
JU4MA 
FTMMA 
BERMA 
COLMA 
DENMA 
EDIMA 
GFOMA 
JAMMA 
MOJMA 
PURMA 
ROSMA 
East, North and Up Corrections After Reprocessing 
Minus Corrections Before Reprocessing 
. . 
(Table 2 Results Minus Table 1 Results) 
(meters) 
Mean -1.7 
Table 4 
GSFMA 
BPOMA 
J U4MA 
FTMMA 
BERMA 
COLMA 
DENMA 
EDIMA 
GFOMA 
JAMMA 
MOJMA 
PURMA 
ROSMA 
East, North and Up Corrections (With Means Removed) 
After Reprocessing Minus Corrections Before Reprocessing 
(Table 2 Results Minus. Table 1 Results) 
(meters) . 
. . 
~ ( A E - A T )  A(AN-AT;~) A(AV-AT) 
Mean 0.0 0.0 0.0 
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Improvement of  the GEOS-1 
North American Tracking Network F r o m  
Mul t ip le  Short Arc Geodet ic  Adjustments 
The development of the Short Arc Geodetic Adjustment (SAGA) program has 
provided satellite geodesy with another very  accurate  reduction tool. This program, 
we believe, is one of the most  advanced reduction programs yet developed for 
precise geodetic positioning by means of satellite observations. It can handle any 
combination of directional o r  ranging observations. Specifically, these a r e :  
(1) Optical (active, passive, and continuous t race):  PC-1000, MOTS, 
BAKER -NUNN, BC -4. 
(2) Electronic : Geodetic SECOR, GEOCEIVER, LASER, RADAR. 
Each observation parameter  may be subject to systematic e r r o r s  governed by 
an e r r o r  model having either unknown coefficients o r  statistically constrained co- 
efficients. In the optical case  the angular elements of external. orientation a, w, K 
may be subjected to slight adjustments that a r e  consistent with their actual a c -  
curacies. The orientation accuracy i s  typically 0.5" of a r c  in cu, W, and 2. 0" in K .  
The exercise of orientation error-model  constraints is particularly important in 
chopping shutter observations. A conventional reduction of a la rge  quantity of 
chopping shutter observations pe r  plate, with the existence of systematic e r r o r  in 
orientation, would lead to an unduly optimistic e r r o r  propagation. In a chopping 
operation (as  opposed to a flashing light), allowances should be made for  
(Received for publication 7 January 1970) 
uncer ta int ies  in in ter-s ta t ion t iming synchronization.  T h e  in ter-s ta t ion t iming 
bias  s imula tes  the c a s e  of non-synchronization between s t a t ions  observing a 
common sa te l l i t e  p a s s .  The e lect ronic  e r r o r  model accommodates b i a s e s  in z e r o  
se t ,  t iming, f requency (sa te l l i te  osc i l l a to r ) ,  f requency (ground  oscillator^), f r c -  
q"-lency d r i f t  and  refract ion.  SAGA will accep t  a s  many a s  4 observat ion in te rva l s  
f rom the va r ious  s y s t e m s .  T h i s  a l lows obser-vation drop-out  with a ncw zero 
set t ing of r a n g e s ,  and  re-or ienta t ion of the opt ica l  s y s t e m .  
General ly ,  p la te  coord ina tes  and assoc ia ted  projectivi ,  pal ,ametcr.s  a r c  riot 
avai lable  to the u s e r .  IIence one m a y  r e s o r t  to what may be tt~i3rnccI thp "tiurnmy 
c a m e r a  metilod" in o r d e r  to cons t ruc t ,  f rom the given angl( .s ,  stmts of p la te  
coordinates  that  a r e  approximately  equivalent to those actual ly  tncasuretl .  
Optical  obse rva t ions  a r e  conver ted f rom r igh t  a scens ion  and c lc~ l ina t ion  to 
p la te  coordinates  (x, y). F i r s t  conver t  r ight  a scens ion  and dc,~:lination to az imuth  
(P ) and elevation (E .) .  Assume the middle  observat ion (azimuth and c,lcvation) 
*j  J 
1.0 bc the di rect ion of thc pr incipal  a x i s  of the c a m e r a .  'The, cx te rna l  or ienta t ion 
e lements  (a, W, K )  become:  
F o r  the  ith s ta t ion and t i m e  t  compute the local  hour  angle  of tho jth o b s e l v a -  J 
tion a s  follows. Let 
where  
tG = Greenwich hour  angle  a t  t  = 0 (apparent) ,  
t  = observing t i m e  (universal )  in  angular  m e a s u r e m e n t  f rom Greenwich 
J ( radians) ,  
h = longitude of s ta t ion ( W t l s t )  and 
a = r igh t  a scens ion  of observat ion.  
rhen 
s i n  E = s i n  (b s i n 6  + cos$cos  h c o s  (ts), 
c o s  E = (1 - s i n  E )  l / z ,  
s in  A = - cos  4 s in  (t  ) / c o s  E and 
S 
c o s A  = (sin 6 - s in4sin  E) / (cos$cos  E)  . 
Then 
A .  = tan- '(sin A/cos  A )  and 
J 
li:. = tan-'(sin ~ / c o s  E)  . 
J 
Use midpoint A E .  to compute the local  orientation m a t r i x :  
J '  J 
- c o s  CY s in  CY 
- s in  cz s i n  w - c o s  cz s in  w c o s  w 
s in  cu c o s  CLI cos cu cos w s in  w 
s in  A cos  I: 
s in  L j j 
'I'he pla te  coordinates  fo r  the jth point a r e :  
A A A A 
I,et (xa  y,), (xb,  yb) denote the coordinates  of the f i r s t  and l a s t  points on the 
t r ace .  Let  K dcnote the angle  between the l ine joining these  two points and the 
4 ax i s .  Then compute. 
A A 
s in  K = - ( yb -ya) / rab 
A A 
C O S  K = (xb  -xa)/rab 
TI ic .  ricw a, y coor~tiinates arc,: 
- cos  K s in  K] I] 
- 
s in  ic c o s  K j 
i ' l ~ ~ .  t,otation of thc local  orientation into thc tnastc,r f r a m e  i s  accotnpl ish(~t l  by :  
-cos  K s in  K 0 0 1 0 o s  - s i n k  ( 
s1n K C O S K  0 
0 
l ' i l r  coor,dinates , y and the m a s t e r  orientation r n a t r ~ x  s e r v e  a s  lnput to thc J J  
t ~ i ~ i l n  p rogram.  
Il'or. the s h o r t  a r c  adjustment  theory s e e  AFC'IIL 69-0080. 
t'hc e r r o r  lnoc(r1 adoptcd fo r  ranging s y s t e m s  1s of thc forrrl 
6 r. = a + a 'r + a T~ + a ,  r + a 4 r  + a 5  c s c  E 0 1 2 3 
in  which 
r, ;. = range and range  r a t e  a t  t ime  T ( 7  = 0 a t  t'poch) 
F = local  elevation angle 
aO,  a l ,  a 2 ,  a3,  a4,  a 5  = e r r o r  coefficients accounting fo r  sys temat ic  
e r r o r s  in z e r o  s e t ,  f requency offset  (brtwecn 
sate l l i te  and ground station osc i l l a to r s ) ,  
f requency dr i f ts ,  frc,quency bias ,  in ters ta t ion 
t iming bias and res idua l  t ropvspher ic  refract ion.  
Tnc model  was  der ived to apply specifically to Geoceiver  observations, but 1s 
applicable to ranging s y s t e m s  in genera l  when appropr ia te  c o n s t r a ~ n t s  a r e  p lac td  
on the e r ro r3  coefficit~nts.  
Systemat ic  c l . ro r s  in optical  obser-v,ttions arc, assut>?etl to bc govc.rned b y  
c r r o r  models  of thc f o r m :  
whcrc  
2 f = -(c + x 2 ) / c  f '  = X Y / C  1 1 
f., = x y / c  f '  = (c2  + Jr'))/c 
', 2 
f., = y f! = -x 3 
f 4  = X / C  f; = Y / C  
f = 5  f; = y 5 
in which 
x, y = plate coordinates  of sa te l l i te  image 
2 ,  3; = r a t e  of change of pla te  coordinates  
c = nominal focal length of c a m e r a .  
'Thc optical  e r r o r  coefficients a. through a 5  account  fo r  the colnl~ined effects o i  
b iases  in the angu la r  e l e ~ n e n t s  of orientation of the c a m e r a ,  the e lements  of 
~ n t c ~ r i o r  ientation (coorciinatcs of pr incipal  point and focal length), and in tc r -  
statlon t iming. They a l s o  account fo r  any  l inear  d r i f t  in the dir.cction of the 
c a m e r a  a x i s  throughout the cxposure.  
P r i o r  to the s h o r t  a r c  geodetic reduction, a l l  of the optical  and c,lcctronic 
o l ~ s e r v a t i o n s  were  run  through a data preprocc,ssor .  The optical  obscl~vat ions  
w e r e  cor rec ted  fo r  polar  motion, and a l l  of the observat ional  t i m e s  given in U'rf 
w e r e  cor rec ted  to  U T I .  F o r  random-measurerpent  r es idua l s  evaluation, a l l  
optical  observat ions  w e r e  f i t  to a genera l  conic sect ion equation of the fo rm 
2 2 
a ' x  + 2 b 1 x y + c '  y + 2 d 1 x + 2 e 1 y +  1 = O  
where x and y a r e  the plate coordinates. 
By virtue of redefining the swing angle K s o  that the x-axis coincides approxi- 
mately with the t race  of the satellite and by virtue of the approximately linearity 
of the t race,  the above expression is dominakd by the term in y. It i s  thus con- 
venient to re -express  the equation a s  
in which a = -a1/2e ' ,  b J -b ' /2ef ,  etc. Since the approximate linearity of the 
"Lace a s su re s  that b and c will be very  amall, w e  may safely regard the e r r o r  
oS measurement a s  b ~ i n g  restr icted to the y-coordinate on the left-hand side of 
the above equation. Accorditigly, the least  squares  solution for  the conic co- 
efficients i s  given by 
in which denotes the measured value of the y coordinate of the ith point on 
1 
the t race ( i  = 1, 2, e . .  . . . n) and 
0 0 2 Bi = (xf  2 x . y  y. 2xi 1) . 
1 - 1  1 
and the observational residuals  a r e  determined from 
2 0 02 Vi = y: - (ax. + 2bx.y. + cy. + 2dxi + e)  . 
1 1 1  1 
Fhe plots of the conic residuals  along with the r m s  e r r o r  for  a l l  of the optical 
observations used in this reduction a r e  given in Appendix A. P l a t e s  with three 
observations o r  l e s s  a r e  not included in Appendix A. 
To demonstrate the capabilities and flexibility of the Short Arc Geodetic 
Adjustment computer program we reduced a net consisting of optical and ranging 
observations. These involved the PC-  1000, MOTS, SECOR and Laser .  One- 
hundred and seventy-one (17 1) orbi ts  were chosen that provided good geometry 
with the 29 station network for accurate station position determination (Figure 1 
and Table 1). 
Pr ior  to the reduction, observational times given in UTC were corrected to 
U T I ,  and corrections were applied to al l  right ascensions and declinations to 
account for polar motion. 
The optical observations were assumed subject to orientation biases of 
1 second of a r c  in a, w, 2 seconds of a r c  in K ,  and inter-station timing bias of 
0. 1 m s  for al l  passes. The random e r r o r  of the optical observation was 3 microns 
in plate x- and y-coordinates. The orbit parameters were completely relaxed to 
4 1 x 10 meters  in position, and 5 meters/second in velocity. The laser  range 
measurements were assumed to be subject to a systematic range bias of 10 meters 
with a random noise of 5 meters, while the SECOR measurements were subject 
to a systematic range bias of 30 meters  with a random noise of 5 meters (Table 2). 
For  station positions and position c?rrors input, see Table 3. Thirteen (13) orbits 
Figure 1. GEOS- 1 Tracking Network 
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Table 2.  Input E r r o r s  of the Observed Pa rame te r s  
I Orientation: 
a = 1. 
ff 
o = 1. in Arc  Seconds W 
o = 2. 
K 
'Timing (Inter Station): 
- 4 
ot = 1 x  10 seconds (active) 
I Measurement: 
o = 3 microns 
x Plate  coordinates 
o = 3 microns 
Y 
o = 10 microns (Focal length) 
C 
o = I x seconds (Interval timing) 
7 
Electronic 
Laser:  
o = 10 me te r s  (Zero Set) 
a 
o = 5 me te r s  (Random Range) 
r 
-4 
o = I x  10. seconds (Interval timing) 
7- I SECOR: 1 
a = 30 me te r s  (Zero Set) 
a 
a = 5 me te r s  (Random Range) 
r 
-4 
o,. = 1 x 10 seconds (Interval timing) 
Initial Conditions 
Position: ox = o = o = 10, 000 me te r s  
Y Z  
Velocity: o, = o. = UQ = 5 meters/second 
X Y Z  
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3 6 5 7  (OPTICAL) 
1042 (OPTICAL) 
7 0 5 1  ( L A S E R )  
i CONSTRAINTS I 
DlST.4NC.E DIRECTION 
( M E T E R S )  (ARC SEC) 
( 1 )  0 . 2  
5 8 6 1  (SECOR)  (2) 0 . 5  
3861 (OPTICAL) (3) 0 . 2  2.0 
Figure 2. Constrained Relationships between SECOR, Laser  and 
Optical Stations 
were  observed by four SECOR stations, two of which were observed sirnultaneously 
with optical stations. Since the majority of the SECOR orbi ts  were not observed 
sirnultaneously with optical observations, two baseline constraints were applied 
between the two SECOR and the two optical co-located stations (see Figure 2 )  for  
the incorporation of the SECOR stations in the overall  station network. 
Laser  range measurements  from one station were  obtained on four orbits i.n 
conjunction with optical observations. Since the number of l a se r  orbi ts  observed 
were not enough to improve station initial position again a baseline constraint 
was applied between the Laser  and optical co-located station (Figure 2), and thus 
i t  was possible to incorporate it in the overall  network. 
Table 4 reflects the strength of each orbi t  into the overall  solution. The 
standard e r r o r  of the orbit  determination ref lects  the degree of contribution of 
that pass  to the overall  tracking network. The accuracy of the satellite position 
(x, y, z )  i s  largely dependent on the intersection angle of station observations 
and the accuracy of the measurements. F o r  instance, orbi ts  8, 26, 38, 99, 107, 
111, and 133 a r e  weak in satellite position determination since the geometry and 
the number of stations observing each pass  were marginal. The determination 
of satellite velocity vectors  (G, 7, i) improves significantly a s  the number of 
stations and the length of the shor t  a r c  observed increases.  F o r  instance, the 
determination of the velocity vectors  of orbi ts  3, 5, 8, 15, 16, 17,  26, and 37 
,&as poor since the a r c s  observed in each orbit  were  very  smal l  (24 seconds of time). 
Table 4. Standard E r r o r s  of Recovered Orbital Parameters  (Meters) 
Orbit No. 
- 
1 
2  
3  
4  
5  
6  
7  
8  
9  
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
2  0  
2  1 
2  2  
23::' 
2  4  
2  5  
2  6  
2  7  
2  8 
2  9 
3  0  
3  1 
32 
3  3  
34:: 
3  5  
3  6  
3  7 
3  8  
39::' 
40 
4  1 
4  2  
4  3  
4  4  
4  5  
0. 
Y 
m /  sec 
.050 
. c 3  1 
- 2 9  1  
. 023 
. 305 
.030  
. 0 3 0  
.322  
. 032 
. 2 0 8  
. 0 5 0  
. 125 
. 36 1 
.279  
. 822 
. 3 6 3  
. 6 3 1  
- 0 4 5  
. 0 8 8  
.298  
. 0 8  1 
.04  1 
.024 
.052 
.054  
2.885 
. 0  15 
. 0 5 8  
.036  
. 04 1 
.027  
. 0  12 
. 0  15 
. 025 
.02  0  
.064 
.487 
.296 
.02  3  
.062 
. 3  34 
.040  
. 085 
.564 
. 103 
Different Time 
Intervals 
Observed 
:$ Simultaneous Optical and Laser  
:I; Simultaneous Optical and SECOR 
>:' :I ,: SECOR 
Table 4 (Continued) 
Orbit No. 
Different ' r ime 
Intervals 
Observed 
4 
3 
2 
4 
4 
4 
3 
4 
2 
2 
4 
2 
3 
2 
4 
4 
4 
3 
3 
4 
3 
3 
3 
3 
2 
2 
3 
4 
3 
3 
3 
4 
3 
2 
3 
3 
3 
2 
4 
1 
2 
1 
1 
1 
2 
2 
2 
2 
2 
3 
Table 4 (Continued) 
Orbit No. 0 .  z 
m/sec  
. 104 
.057 
.038 
. 13 1 
. 0 5 1  
.02 0  
.039  
.07  3  
- 0 8 6  
.033  
.075 
. 117 
.040  
. 132 
.076 
. 106 
.04  1 
.049 
.034 
.064 
. 103 
.05  5 
.029 
.062 
.060 
.045 
.048 
.034 
.06  1 
.030  
.029 
.02  6  
.036 
. 0 2 1  
.04  8  
.02  8  
.079 
. 132 
.038 
.030  
.02 1 
.030  
.034 
.076 
.042 
.037 
.022 
.028 
.067 
.033 
.030 
Different Time 
Intervals 
Observed 
3 
3  
3  
2  
3  
1 
3 
1 
1 
1 
3 
1 
3 
2  
2  
I 
4 
3 
4  
3  
3 
4  
4  
3  
3 
4  
4  
4  
3  
3  
4  
4  
4  
4 
4  
4  
1 
1 
3 
3  
4 
4 
4  
4  
4  
3  
4  
4  
3  
4  
3  
Tab le  4  (Continued) 
:: Simul t aneous  Op t i ca l  a n d  L a s e r  
;I: Simul t aneous  Op t i ca l  a n d  SECOR 
:;I: SEC OR 
O r b i t  No. 0 X a Y 
13 
1 1  
2  1  / 26 
2  0  
17 
12 
14 
44 
1 1  
13  
19 
8  
12 
9  
147 2  0  
14 8  12 
14 9 1 ;: 150 
15 1  
162 1 10 
15 3  24 
154 1 10 
155 1 3  
156 36 
B 
z 
157 
158 
159 
160 
. 0 3 5  
. 0 3 7  
17 
9  
12 
15 
o - 
X 
m / s e c  
. 022  
.O63 
. 0 2 0  
. 026 
- 0 6 5  
- 0 1 7  
. 0 2 6  
.042 
. 0 2 8  
. 0 4 0  
. 029 
16 1 
162 
163 
164 
165 
166 
167 
168 
169 
170 
17 1 
. 0 3 7  
. 0 6 6  
13  . 0 3 8  
I 3  1 . 0 4 0  
5  . 0 4 7  
10 
2  2  
14 
15 
10 
1 3  
15 
14 
8 
1 3  
24 
. 0 3 5  
. 0 3 4  
. 0 6 0  
. 0 2 6  
. 062 
. 0 2 3  
. 0 2 3  
. 0 4 6  
. 067 
. 0 4 7  
. 0 3 7  
. 032  
a. 
Y 
m / s e c  
.062 
.OG9 
. 0 2 5  
. 0 4 7  
. 034  
, 0 3 3  
. 0 3 5  
. 0 4 0  
. 0 3 3  
. 0 5 0  
. 0 3 6  
7  
3  1 
9  
10 
19 
2  2  
2  7  
16 
. 046 
.087  
. 0 3 0  
. 0 3 0  
. 0 4 1  
.024 
. 0 4 1  
. 0 3 9  
- 0 3 2  
. 0 3 1  
. 0 4 5  
" I  ;; 4  
4 
3  
4  
2  
4  
4  
3  
4  
4 
4  
. 027  
. 0 2 8  
. 0 2 5  
. 0 5 7  
. 020 
. 0 2 1  
. 0 6 9  
. 150 
. 0 4 0  
. 0 3 5  
. 0 3 7  
10 
14 
9  
2  2  
16 
1 3  
14 
2 3  
10 
19 
1 3  
4  
4 
. 0 2 7  
. 0 3 7  
. 052  
. 0 2 6  
. 0 3 5  
. 024  
. 022  
. 0 6 5  
. 177 
. 0 9 1  
. 0 3 0  
. 0 3 3  
a - 
z 
m / s e c  
4  3  
9  
3  3  
8  
2  8  
22 
2  1  
14 
30 
15 
1 4  
4  
2  
4  
4  
4  
4  
4  
3  
4  
4  
4 
Dif ferent  T im 
I n t e r v a l s  
O b s e r v e d  
The corrections to the NRD survey coordinates and the propagated e r r o r s  
(Table 5) a r e  consistent with the observation network with the origin a t  Hunter r\l+'i?. 
The propagated e r r o r s  of 2 to 3 me te r s  for the continental U. S. stations and 
3 to 6 me te r s  for  the Caribbean stations reflect the internal network accuracies  
and illustrate the strength of this particular solution. The recovery of some 
stations was weaker than others  due to poor geometry and limited observations 
from that station. (See Table 6 for short-arc adjusted GEOS-I station coordinates - 
N.411 2 7 .  ) 
A typical recovered bias in optical orientation 0, w, and ~c was 0.2 a r c  
seconds. The la rges t  recovered bias was 1.5 a r c  seconds. Recovered biases 
in the l a se r  measurements  ranged from 2 to 15 meters ,  and SECOII range 
biases ranged from 4 to 35 meters .  The random noise was approximately 1 tc 2 
mete r s  for  Lase r  and 1 to 5 me te r s  for  SECOR measurements .  
In view of the various instrumentations and observing modes used in this 
reduction, i t  is apparent that this program could be used with any type optical 
and/or  ranging system presently employed for  global tracking. The GEOCEIVER 
was given some special consideration in the e r r o r  model of range measuring 
systcrns. Te rms  for  frequency biases and frequency drift  were designed to 
accommodate e r r o r s  introduced by the satellite and ground oscillators.  
The reduction can be exercised to take into account any specified uncertainty 
in synchronization. Thus when timing offsets o r  inter-station biases a r e  known 
to worthwhile precision (say one millisecond o r  better),  the reduction would 
automatically propagate their residual uncertainties rigorously through the reduc- 
tion, even though no practical improvements were to resul t  in their recovery. 
SAGA accommodates adjustments to the Ear th ' s  center of mass  and has the 
capability of treating the coordinates of the adopted center of mass  a s  constsairied 
parameters .  This means that in sufficiently strong tracking networks of con- 
tinental extent, the possibility emerges  of improving the location of the Ear th ' s  
center of mass  relative to the origin of the adopted datum. The resul ts  presen1:ed 
were  obtained with the center of m a s s  known perfectly. This network is  con- 
centrated on a smal l  section of the ear th ' s  surface and the geometry with respect  
to the center of m a s s  i s  very weak. Further  studies will be undertaken wit11 em-  
phasis placed on orbital geometry and observing station locations relative to the 
center of mass .  
This multiple short  a r c  reduction reflects the potential of this program for 
accurate  geodetic studies, and for  improvement of continental and inter-continental 
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surveys. The mean standard e r r o r  of 3.5 meters  is a tremendous improvement 
to the NAD survey coordinates and especially for  the ETR tracking stations 
down a s  f a r  a s  Trinidad. Further  reductions will be undertaken utilizing GEOS-I1 
observations now available to the geodetic community. The incorporation of the 
GEOS-I1 data into this adjustment will strengthen the resul ts  considerably. 
Acknowledgments 
This paper resul ts  from the excellent support of AFCRL1s Analysis and 
Simulation Branch personnel, and cooperation of AFCRL1s Computer Processing 
Branch. The consultation and programming assistance offered by Mr. J e r r y  
Trotter  of DBA Systems, Inc. deserves special mention. 
Bibliography 
Anderle, R. J . ,  Orbit Computation Reports,  U.  S. Naval Weapons Laboratory. 
-. 
Berbert ,  J.  H. (1969) GEOS station position solutions comparisons. Presented 
to the Annual Fal l  Meeting of the DIA MC&6 Conference. 
Brown, D. C. and Trot ter ,  J. E. (1967) P rec i se  Determination of Geodetic 
Positions by the Method of Continuous Traces ,  AFCRL 67-0558. 
Brown, D. C. and Trot ter ,  J. E.  (1969) SAGA, A Computer Propram for  Short 
Arc  Geodetic Adjustment of Satellite Gbservations, AFCRL 69-0080. 
Eckhardt, D. H. (1966) Tests  of a method for  making geodetic t i es  by observing 
a satellite optical beacon, J. Spacecraft and Rockets Vol. 3, (No. 12). 
Hadgigeorge, 6. and Trot ter ,  J. E. (1969) Numerical resu l t s  from short a r c  
geodetic adjustments using combinations of directional and/or  ranging 
observations from GEOS-I satellite. Presented a t  the Annual Meeting of the 
American Geophysical Union. 
Iliff, R. L. and Hadgigeorge, 6. (1969) Daytime ground-to satellite l a se r  ranging 
experiments, Applied Optics Journal. 
Mueller, I. I . ,  Reilley, J. P. and Schwarz, C. R. (1969) The North American 
datum in view of GEOS I observations. Presented a t  National Fall Meeting 
of the AGU. 
NASA/Goddard Space Flight Center (1969) Geodetic Satellites Observation Station 
Directory, Compiled by Geonautics, Inc. 
NASA/Goddard Space Flight Center,  National Space Science Data Center.  
Addition to AFCRL-70-0890 
Environmental Research Papers, No. 315 
SECOND NETWORK ADJUSTMENT 
In order to minimize dynamic errors induced by the displacement of earth's 
center of mass relative to the center of the spheroid another reduction was 
attempted. In this reduction the given NAD-27 coordinates of all stations were 
transformed to Mercury Datum prior to the adjustment. After the adjustment was 
completed, the new coordinates were transformed back to NAD-27. The resuZts 
are shown on Table 7. A comparison between Tables 6 and 7 reveals that high 
quality determination of station locations may be sensitive to uncertaintdes Ln 
the coordinates of the earth's center of mass. If the station locations are 
referred to a datum whose origin does not coincide with the center of mass of 
the earth, then either the first order coefficients of the geopotential should 
be constrained appropriately or the station locations transformed before the 
adjustment to a spheroid whose origin coincides with the center of mass sf the 
earth. 
T
able 7. 
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32 
-00 
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3404 
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3406 
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-22.14 
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-04 
-32.10 
GEODETIC 
L
ongitude (E) 
278"-50 
'-46!'36 
H
eight (M
) 
18 
I 
RECTANGULAR 
ANALYSLS OF GEODETIC SATELLITE (GEOS I) OBSERVA'BTIOm 
IN NORTH AMERICA 
Ivan 1. NIpleller 
C b r l e s  R. SekTvar;~ 
James B. Reilly 
Bp*ent of Geodetic Science 
The m i o  Shte University, Columbus 
GEOS I observations m& at thirty optical and four SECOR sbtions were 
a w y z e d  in the gmmetrie and short-are modes for the purpose of detwtiw 
sy&ematic disbrtiom in the No* h e r i c a n  m b .  The results idicate 
thabt ~e MAD at its origin meades R;kneh, mnsas)  r q u i r e s  an easterly 
rohtion in a z h u t h  and a westerly rotation in the prime verkical plane, 
tude of one second of a r e  to fit the sateMite data* There is 
d s o  evidence of the need for a reduction ]in scale of a b u t  1:200 008, 
To be p&lished in the BuBletin Gh6s ique ,  June 1970 
During the lifetime of the GEBS I satellite a large n m b e r  of optical 
and electronic observations were made from stations located on the North 
Americm Dztum (NAD). The NAD coordinates of most of these stations h:rvc 
been determined through precise geodetic ground t ies  to the first-order 
trimgulation nemork. In this report an attempt i s  made to determine the 
coordinates of these stations from the available satellite observations and 
possible distortions present in the North A m e r i c a  Datum. The coordinates 
were determined both from simulitaneous observations (geometric mode) and 
from observations distributed along the orbital path (short-are mode). 
The observation stations involved a r e  shown in Fig. 1. All coordinate 
computations (and results) a re  relative to the NAD coordinates (and v~l ianeca)  
of Columbia, Missouri, the station nearest to the origin of the NAD: Meades 
Ranch, Kansas. On the other hand, the parameters, defining the distortions 
of the NAB with respect to the satellite de temined  system, refer  to  Meades 
Ranch. 
2. OBSERVATIONS 
The obsessrations utilized in the calcdatisns were taken by the U. S. 
Air Force using the PC- 1000 cameras (15 stations), by ~ A ~ A / d ; o d d a r d  Space 
fligM Center using mostly MOTS 40 cameras (15 stations), and by the U, S, 
Army Topographic Command (TOPOCOM) SECOR ranging system (4 stations), 
The optical observations were processed a s  described in [I] and dewsited in 
the National Space Science Data Center (NSSDC) by the agencies r e s ~ n s i b l e  
for data reduction. The SECOR data was directly obtahed from U. S. Armgr 
TOFOCOM, where it was processed a s  given in [2]. 
The principle tool used for screening the optical data was the individu:~l 
event adjustsrlent. The observations a r e  grouped by event ( i .  e. , individu:ll 
flash) and an adjustment i s  performed f o r  the three components of the satellite 
position. 'The a posteriori variance of the observation of unit weight i s  computed 
md compared to  a test value. If the computed variance! i s  greater  than the 
test value, the entire event (flash) i s  deleted f rom the data sample.  he 
purpose of the individudi event adjustment i s  to detect blunders in the o b ~ e ~ . v : ~ -  
t iond  data, since these will generally cause large residuals and consequently 
a large a posteriori unit variance. On the other hmd,  the residuals :md 
a posteriori unit variance also include some contribution from the e r r o r s  in 
the station positions, which are held fixed during the event adjusment. ~ h u s  
the test i s  efficacious o d y  if the station positions are fa i r ly  well known. In 
the ease of the MOTS and PC-1000 observations, the station positions were 
considered to be quite well known a priori.  We expected the approxil~l:it~* 
station coordinates to be sufficiently accurate that their e r r o r s  would seldom 
contribute more  than a second of a rc  to any of the residuals in the individual 
event adjustments. 
Altogether about 5000 MOTS and 2000 PC-1000 observations were 
investigated. We expected to  find that the data had been thoroughly screened 
before it was deposited in the Data Center, so  that i t  would not be necessary 
for US to delete any observations at all. However, the individual event 
adjusmemts showed that the unit variance was unacceptably l:lrge in  n 
siz&le number of cases.  The values of the a posteriori unit v:wiance fell 
over a wide range; only in some cases  was this value l,uge enough to indic.:~tc 
an obvious blunder, while in other cases  this value indicated that the data 
probably contained a blunder of small magnitude. W e  were able to identify 
the ackud observation containing the blunder in a few cases  by cxmin ing  the 
res iduds  of the individual event adjustment and in other cases  by examining 
the residuals of the orbi td  mode adjustment, but in most cases the offending 
observation could not be identified and it was necessary to delete the wlmole 
event. We were not able to detect my correlation betaween bad obser\?&iniias 
or events md  the t r a c k i q  stations, so that we could not ascribe the existence of 
bad events to large e r ro r s  in the coordinates of my station, On the other hand, 
we often found that all, o r  at least several, of the flashes of a sequence yielded 
poor event adjustments, which indicated the existence of a n  e r ro r  in the: 
plate reduction for at Beast one of the plates involved. Since we did not have 
access to the raw data d the plate reductions, we were not able to follow 
the possibiliLy f u r ~ e r .  
The data suspected of containing blunders mounted to &out 10?0 of 
the MOTS data md about 3% of the PC-1000 data. The IPC-1000 data was 
the most troublesome, not only becaease of the large mount  of suspectc";d data 
but also because the value of the unit va i ance  often fell into the "6dsubHul'" 
rmge;  the vdues  of the a posteriori stmdasd deviation of unit weight for the 
individual event adjushnents were f d r l y  continuously spread from O'V,o 3OTq* 
We were willing to accept that an individual event could yield a s tandad  
deviation of as  much as  6" or even 10" due to the normal ssamnple fluctuation 
of accidentd errors .  However, i t  seemed that a value greater than this 
moun t  indicated the probable presence of a small blunder that would be 
identifiable with sufficient investigative effort. In the case of the MOTS data, 
the a posteriori standard deviations were usually either less than 6 ' k r  greater 
than 20"', thus dlowing a fairly clear separation d good and erroneous dzata. 
Since we were not in a position to search for the cause of the :kpp;srem$ 
blunders in the data, we were not able to determine which events aetuallgr 
contained small blunders and which only appeaed bad due to norm d simple 
fluctuation. E we were Ls consider the small blunders to be par t  of the pospuin- 
Lion of accidental e r rors ,  the population standard deviation of the data woulel 
be so large a s  to render it practically useless for geodetic purposes. This  
meant that it was necessary for us to accept, a priori, some value for the  
s tmdard deviation of the data and to rely on statistical methods to detect nnd 
delete suspect data. 
Based on previous experience, we decided to ignore the stand:~rd 
deviations of the observations given on the data cards,  since these were com- 
pletely unrealistic, and to accept a value of 2'!0 a s  the standard deviation of 
dl opticd observations, both MOTS and PC-1000. This value was used as 
the stmd'wd deviation for the declination and for the right ascension times 
the cosine of the declination. If this value is the true standard deviation of 
the accidental e r r o r s  in the data, then the expected value of the :r posteriori 
unit variance of an individual event adjustment i s  one. This statistic i s  
distributed as  chi-square so that we were able to construct a confidence 
in tervd in which i t  was expected to fall. Our final decision was to use a 
rejection criterion of 10, rejecting all events for which the unit variance was 
greater  t h m  this value. Since most of the event adjustments involved only two 
plates, and thus four observations and one degree of freedom, this rejection 
criterion corresponded in most cases to a probability level of .99843. 
1, e .  , if the hypothesis that the true standard deviation is 2 ' IO  is c.or~-c.c.l, thcbn 
only 0.157% of the events a r e  deleted by this test when they a r c  actually good 
events, This is  a small price to pay for the rejection of most of the sm:tll 
blunders. 
When combined with the a priori  standard deviation of 2'10, this rcj ' ec- 
&ion criterion corresponds to an observational standard deviation of 6'1:) for 
the sample of observations contained in the event. Thus the screening criterion 
used for optical data may be phrased as  the rejection of all events for which the 
obsenational  standard deviation, estimated from the incfividu:il event t~djustrnenl 
with the starting coordinates held fixed, is  greater  than 6'13. As expcctcd, th is  
rejection criterion resulted in an overall unit variance of closc to one, a s  seen 
in the results of the simultaneous adjustments of a11 nondeleted optic:~l dnt:t 
(KA- 1 and NA-2 solutions). 
The SECOR s a g e  data hadl already been ext;ensi%fely screened during 
the process- described in [2]. Therefore it was not necessasgr to delete 
any r q e  data. In a prelhinasy adjushment the SECOR data was adjksted 
alone. This adjustment indicated that the obseraradioml stmdard deviation 
of the SECQR data was 3.5 m. This value was used to form the weights for 
the SECOR observations b the combinations of the optical a d  r aqe  data 
@A,-5 and MA-6 solutions). 
3.  WITWORK ADJUSTMENT 
3.1 Geometric Adjustment 
The network adjustment in the geometric (simultaneous) mode w : ~ s  
carried out a s  described in [I], with minor modifications. Four adjustments 
(NA- 1, NA- 2,  NA-5, and MA-6) are presented here with characteris t ics  a s  
fol10ws :: 
NA- 1 Only MOTS and PC-1000 data was used. The coordinates of 
Columbia, Missouri (7037), were given a weight o f  10 (which 
kept the station coordinates effectively fixed). 'She sc :~le  w:is 
determined by imposing a chord constraint between IIomesteatl, 
Florida (3861) and Greenbelt, Maryland (7043). l 'hcse two 
stations were on the precise t raverse  of the U. S. Co:\st :mcl 
and Geodetic Survey (USCGS). This  chord distance is 
1,531,562.9 m and was constrained to f 2 m (1: 750,000), as 
estimated by the USCGS. 
NA-2 Same as NA-1 but the coordinates of Columbia, Missouri,  wcre 
given a weight of 0.11 (which corresponds to the stand:lrtl dcvi:i- 
Lion computed by Simmons' formula 141). 
NA-- 5 The SECOR data was included along with the MOTS and PC-1 000 
data. The coordinates of Columbia, Missouri,  were  given :I 
weight of 0.11. There  was no chord constraint; the scale was 
determined from the SECOR ranges. 
NA-- 6 S a n e  a s  NA-3 but the chord distance, (38G1) - (7043), was 
constrained in the same  way a s  in the NA-1. 
Idormatiean pertaining to a e s e  djusLwaents is ineluded in Table I, The 
f i n d  adjusted coordinates xre given in T&le 2, The values in the eoBu113ns 
of the four solutions a re  corrections to be d d e d  to the NAD coordinatcs 
(t&en from [$I) of the stations. 
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3.2  Shod-Arc 
Hw addition to the geometrlie solutions described in the previous section, 
one djeastment W ~ B  wrformed in the s h o ~ - a r e  mode us- the program describetl 
in 153. Csnly the opticd tracking shtiasras wem invohed in tlkis adju~tmcnt since 
no timing idormation was avai.lable far the SECOR observations. Tkc scsdts of 
this adjurstment are  given in Table 3, 
The orbital a.rcs used h t h e  short- arc  adjmmemt were l h i t d  to about ten 
miaau&s. These arcs  a r e  too shor$, to &ford a skro% deteminaaon of the sede  
of tbe newor& t h r ~ ~ h ' t h e  adopted value sf the GM. The~efore, s c d e  bas 
furnished by constraining the spatial chord distmce betvveen Nomested, Florida, 
and Greenbelt, Mayland, as had been done in the geometric acc8justmea1tsa Thia 
di&mce m d  its a priori uncertainty were computed wain from the geodetic 
coordinates of these m o  stations on the Cape Canaveral datum (i. e. , the USCGS 
hi&-precision traverse), 
The geocentric coordin;aP;es sf  Columbia, Missouri were constrained in 
order to define the origin of the coordinate system. These geocentric coordinates 
together with their associated covaimee maiLrix were taken from [GI: 
The dzferences bemeen the ]MAD coordinates a d  the short-are solution 
coordinates of Columbia were (NAB4 - short arc): 
In order to be able to eompze  the short-arc solution coordinates to the NAD 
coordinzlles, these shifts were &ded to the short-<we solution. The resulting 
coordinate dsferenees *pear under the heding 'Qrbital" in Table 3. 'Fhc 
uncertainty of these coordin;ales was obtained by quadr:~tieally rern oving: the 
unee~rtainties of the geocentric coordinates (3.8 m ,  4.1 m, 4.1 1 1 1 )  01 C'olulnbi;l 
from the standard deviations of the short-arc solution, and quadratically 
adding the uncertainties of the NAD coordinates of Columbia (:!.0 m ,  2.5 rn, 
2.7 m). 
The geometric mode adjustment that most  nearly resembles the orl~it:rl 
mode adjustment in t e r m s  of data used and constraints applied i s  the one 
desigmated NA-2. The short-arc solution and the standard deviation hetweer~ 
the two  was computed by removing the variance of the coordinates of Columbia 
from the variances of the two solutions and adding the resulting vari:inees. 
These also appear in Table 3. From the table i t  i s  evident that the :greement 
beween the geometric adjustment and the short-arc adjustment i s  satisfactory 
at stations, except at San Juan, Puerto Rico; St. Johns, Newfound1:tnd; ;LIN! 
College, Alaska. The blame should probably be  placed on the insufficient 
m o u n t  of data available and/or on the poor geometry. 
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4. IMPLICATIONS REGARDING THE NORTH AMERICAN DA'Tllhl 
4.9 Coordinate Trmsform ations 
The general relationship bemeen a right-handed coordinate a)( sr ern 
defined by a certain geodetic datum (geodetic system, e. g. , NA D) and pant 
which i s  defined by the origin in the geocentes, the Z axis in t h e  dire<-trc:? 
the CITO, and fthe X axis in the p lme  of the Greenwich Mean Astronomic 
Meridian a s  defined by the Bureau International de 1'EIeure (average terres- 
t r ial  system) [7] is as follows: 
where 
x9p,z a r e  the coordinates of a point in the aves,age terscstiu nl 
system 
x,Y,z are the coordinates of the same point in the g e a d e t , ~  
system 
M is the rotation matrix of three rotations (El,, 8,, 8,) to rotate 
the geodetic system pasallel to the w e r a g e  terrestrinl 
system 
Xg, Yo, '0 a r e  the geodetic coordinates of a point P which r s kept 
fixed during the rotation 
&, dye, dz, a r e  the coordinates of the origin (49 the  geodetre sy s tern s n 
the a v e r w e  ter res t r ia l  system, after the folrnrer has bcc7-1 
made p:irnllel with respect to the I:klter 
is the se;lle factor 
In practice three main systems have been proposerl: 
(1) Bursa [8] and Wolf [9] select the point P at the origin of thc 
geodetic coordinate system (i .  e. , x, = yo = z, = 0) and rotate about the axes 
x,y, z. 
(2)  Molodensky [lo] selects the point P at the origin o f  the geodetic 
datum (e. g., at. Meades Waneh on the NAD) and rotates about :ues  parallel 
to x ,  31% 31. 
(3) 'Veis Ell3 selects the point P at the origin of the geodetic datum 
and rotates about axes pointing to the geodetic zenith (z), to the south (x) ,  ant1 
to the east by) in the geodetic horizon. 
Tn our ease,  since we a r e  not concerned with translations, (1) and (2) 
w e  equiardent* and Lhe transformation parameters  a r e  restricted lo three 
rotat~csn angles (either in the Bursa/Molodensky o r  Veis systems) and to thc 
scale factors  (all re fer red  to  the origin a t  Meades Ranch). These a r e  
determined f rom the satellite-determined coordinates (X, Y, Z) and the NAD 
coordinates (x, y , z) of the tracking stations. 
The rotation angles a r e  defined a s  customary: Tn the right-handed 
coordinate sy sterns they are positive for  counterclockwise rotation a s  viewed 
looking toward the origin from the positive end of the rotation axis. For 
exmple ,  in the Veis system, when 8, i s  positive the rotation i s  from the 
east to the west in the prime vertical plane; when 8, is positive the rotation 
is from the north to  the south in the meridian plane; and when 8, i s  positive 
the rotation i s  from the eas t  to the west in the horizon plane (in azimuth). 
4.2  Results  
In order  to detect systematic differences between the satellite-determined 
station coordinates from the NA-2 solution and the NAD coordinates, trans- 
formation p m m e t e r s  (rotations and the scale) were computed from a least 
squares adj~~st rnent  utilizing a developed form of the transformation equation 
above [I%], The stations were considered independent from each other and 
only those were used for which it was possible to verify that t h e  NAT> 
coordinates were based on direct ground ties to the first-order triangu1:atrora 
net. Nineteen stations were used in three solutions: 
(1) 1 4  stations in the eastern half of the U. S. 
(2) 5 stations in the western half of the U. S. 
(3) 1 9  stations in both the eastern and western halves of the 1; S. 
The first two solutions were made to detect possible dgferenees be~weein 
the two halves since tbey were adjusted separately in the original NAD adjusment, 
The results a re  summarized in TabPe 4. It seems evident that the western data is 
insufficient to allow m e m i ~ f u l  q u a i b t i v e  conclusions. However, it seems 
evident that there are  distortions present. The eastern parmeters ,  on the other 
hmd, indicate a need for a rotation of the NAD eoordixlate system in. She order ef 
one second in azimuth (to the east) and one in the order of two seconds in the prine 
vertical plane (to the west), together with a possible reduction in scale in the order 
Datum Transformation Parmeters :  NA-2 - NAD 
-0 .2  n 0 . 4  
-1.5 dz 0 , s  
-0. 2 + 0.4 
*Eastern stations: 1021, 1022, 1034, 1042, 3334, 3401, 3402, 
3648, 3657, 3861, 3037, 7043, 7072, 7015 
**Western stations: 1030, 3400, 3902, 7036, 7045 
ci :r )( 10" e. ,  he NAD distances a r e  too large).  Applying these transformation 
p a r a - ~ c t e r s  to the NAD would make it conforin bet ter  to the satellite data. It is 
Sircel;., however, that these sillall systelnatic distortions do not a r i s e  froin actual 
systtiil3tic e r r o r s  in  the observations but  a r e  due ra ther  to  e r r o r s  in the data 
reduction and adjustment methods utilized in the original NAD adjustment. 
Tab1 e 5 shows the transformation parameters  computcd from the  
NA--5 soliltion. The resulting rotations a r e  of t h e  same  order  of mngnitude :ts 
befsl-e, but the sca le  reduction i s  about a f a c t o r  of 15  larger .  The latter 
obvlous8y: is the  influence of the scale enforced through the  SECOR ranges 
which were  put  in with a standard deviation of 3 .5  m ,  corresponding on t h e  
aver:-ge to approximately P: 850,000. (The average range was 3000 km.) 
Table 5 
]Datum Transformation Parameters :  NA-5 - NAD 
Table 6 shows the transfornlation pa r ,me te r s  lrom the NA-6 icc1ut.1~~11. 
The rotations a r e  again of the same magnitude. The overriding effect oi* thc  
chord constraint over SECOR i s  evident from the -- 1:4.5 ra t io  of the C B s  
taken from the NA-5 and MA-6 solutions. 
Table 6 
Datum Transformation Parameters :  NA-6 - NAD 
5. CONCLUSIONS 
Adopting the NA-6 geometric solution as a standard (since it is I ~ l s c d  
on naost of the available data), it seems evident that at least the castern h:df 
of the NAD coordinate system contains inherent systematic distortions 
expressed by the rotations at Meades Ranch 
8, = 2'12 k 0.6 (in the prime vertical plane to the west) 
8, = 1'!2 *O.4 (in azimuth to the east) 
and by the scale factor 
F = 4.8 x 10-' f 2 . 1  (NAD distances need to b e  reduced) 
No quantitative conclusion should be drawn on the western half sincc 
the available data (the number of stations) seems insufficient. 
The same parameters corresponding to thewhole NAD coordinate system are 
8,  = 1'13 * 0.3 (rotation in the prime vertical to the west) 
6, = 0'19 f 0.3 (rotation in azimuth to the east) 
= 5 . 2  x 1 0  i 1.6 (NAD distances need to be  reduced) 
Mare details of these calculations may be  found in 1131. 
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1. Entroduction 
Studies at The Ohio State University have been concerned not o i l 2  with 
the various ways the BC-4 data in the Data Center might be utilized, bu t  a lso with 
the various ways the plate reduction itself might be performed for BC-4 or sim,lar 
plates. These investigatiolls were generally directed toward three isroad qwcstigsns- 
1) Must the photogrmmetrie method of plate reduction be used, or i s  
i t  possible to obtain satisfactory results by using the astrometric method of 
plate reduction for  a limited a r ea  of the plate, a far  cheaper procedure? 
2) Are better results obtained by using the measured satellite images 
as independent observations o r  by using a polynomial curve fit to the rneasrired 
images ? Row much infol-matisn is lost by using only a single fictitious inage 
from a polynomial rather than all the individual images ? 
3) Can the smoothing effect of a polynomial curve fit be perfol-n~ed more 
appropriately and with better results by imposiw short  a r c  orbital constraints 
on the adjustment of the measured images ? 
The f i rs t  two of these questions a r e  considered in this paper,  
2. Astrometric vs. Photogrammetric Plate Reductions 
The purpose of this investigation was to find out whether the astrom etrier 
technique could be  used fo r  the plates taken by the Wild Be-4 camera [303 rnm 
0 focal length, 3 3 O  x 33 field]: what kind of systematic effects need to "!r ermcivcd 
a priori o r  how large a portion of the plate can be  reduced without a priupri c ~ r -  
rections. Three BC-4 plates were used for  this investigation although the results 
for  only one a r e  discussed in this paper. The results of the photogra.mmetrf'c 
adjustments were used as the standard to which the various astrometric adjust- 
ments were compared. The results support previous knowledge and as such are 
not startling. However, they do graphically demonstrate the kind of systematic 
distortions that remain after an astrometric adjustment when such a large field 
of view i s  used. 
2 . 1  The Photogrammetric Reduction 
The distribution of stars and satellite images on the plate is shown in 
Fig. 1. Plate 6132 
Observed Star and Satellite Locatioils 
Fig. 1. The ESSA photogrammetric adjusbent  utilized 16 unknowns : three 
angles for oriendation; one angle for non-perpendiculariQ of the conqparzitor 
axes; the two coordinates of the photogranmetric principle point, o r  center of 
the plate; a scale constant for each axis, five parameters to describe radial. 
distortion, and three parameters to describe tangential distortion. The co ef- 
f ic ient~ of the refraction model were not carried as  unknowns in this ease, The 
residuals of photogrammetric adjustment a r e  shorn in Fig. 2. 
2.2 The Astrometric Reduction 
In contrast to the photogrammetric reduction in the astrometrie technique 
generally no physical interpretation is attempted except the implicit relationskip 
between the plane of the photograph and a plane tangent to the celestial sphere. 
The models tested contain six o r  more plate constants that a r e  coefficients in 
linear o r  higher order equations relating object and iniage space. These con- 
stants a r e  not arranged to correct for specific systematic errors  (except in the 
case of a translation term), but they a r e  expected to absorb certain portioan~s 
of the combination of various systematic errors ,  such as astronorniea,l refa-action., 
annud and diui-nal aberration, errors  resulting from unknown oriea~ktio~l; of the 
tangent plane, and even lens distortions in some cases. The astrometrie technique 
is  simple in concept and i s  easy to apply. If accuracies comparable to those from 
the photogrammetric technique could be obtained, i. e . ,  if the s m e  systematic 
e r rors  could be removed, its economical aspects would make it extremely 
appealing. 
The following astrometric models were tested: 
Model 1: Projective Equations 
8 (6 independent) plate eonstants 
Fig. 2. Plate6132 
Residuals for ESSA Pilotogrammetric Reduction 
m, = 2.80 microns 
Model 2: 
x = A  + 335 + C q +  ~ 5 "  + E { Q +  F$ +6e 
+ H ~ V  + ~ 5 $  + Q #  
20 plate c o n s f ~ n t s  
Model 3: 
6 plate c o n s k ~ t s  
In this exercise the quantities x and y represent the measured. (uncor- 
rected) plate coordinates; 6 and rl a r e  the standard coordinates computed from 
the apparent positions of the reference stars corrected for diurnal aberration 
and astrononlical (Garfinkel j refraction. 
In all the astrometric reductions the measured plate coordinates were 
considered observed quantities and the standard coordinates were regarded a s  
kno~vn. All observed coordinates had equal weights. The s a n e  image is uscd 
to be the origin of the plate coordinate system a s  the origin of the standard coor- 
dinate system. 
2.3 Tests and Results 
Many tests of the various astrolnetric models were performed. Tie 
following results a r e  of interest: 
1) The Projective Equation model was applied to the entire plate area. 
This involved 106 reference s ta r  images. The standard e r r o r  of unit weight after 
reduction was 7.8 1% Fi g. 3 shows the residual plot. Sizeable sy s tematie 
e r ro r s  obviously remain after reduction. The distortion effect i s  
especially clear. 
2) It was desired to find out how great the effects of decentering dis- 
tortion were in regard to hlodel I. Therefore, decentering distortion ~ i a s  re~naved 
from the measured coordinates. Still remaining, then, were radial distol-tisn 
effects and the nonperpendicularity of the comparator axes. The reductions were 
3 0 3 
Fig. 3. Plate6132 
Residuals 
Projective Equations Applied to Actual Measured Coordinates 
m, = 7.81 microns 
Fig. 4. Platc 6132 
Res iduals 
Projective Equations Applied After Decentering 
Distortion i s  Removed from Measured Coordinates 
mo = 7.77 microns 
performed a s  in I). The change in the plotted residuals compared to those in 
Fig. 3 appeared to be minimal. The standard e r ro r  of unit weight was 7 . 7 7 ~ .  
3) This time all  distortions (including nonperpendicularity of the com- 
parator axes, although this effect i s  also almost negligible) were removed 
a priori from the measured coordinates. The reductions were performed a s  in 
I), The residuals a r e  shown in Fig. 5. These, a s  expected, a r e  almost iden- 
xieal to the residuals of the photogrammetric reduction (Fig. 2 ) .  The standard 
error of unit weight was 2.621. 
4) We now investigated the largest a rea  to which the projective equations 
could be applied without precorrecting the image coordinates for lens distortions. 
After some preliminary investigation, the maximum allowable distortion was 
set at 16p. This limit was found to be reached at a radius of about 4 c m  Apply- 
ing the projective equations to such a restricted a rea  around the center of the 
plate, the residuals were found to be apparently random and the standard e r r o r  
of unit weight was 3.24p. When the area was decreased to a circle of 3.4 em 
radius, .he standard e r ro r  decreased to 2.409, which is even better than that 
from the photogrammetric adjustment. Fig. 6 shows the residual plot for the 
3 4 em circle. The small magnitude of the residuals, their apparent random- 
ness, and the low standard e r ro r  of unit weight indicate that the projective equa- 
ions are applicable in this area  without pre-correcting the measured coordinates 
for lens distortions. 
5) The long Turner's method (polynomial out to cubic terms) was 
applied to the whole plate. The residuals a r e  shown in Fig. 8. They appear 
moderately random, tvith a standard e r ro r  of 3.80. This model is  linear in the 
unhowns,  but already contains more unknown parameters (20) than the photogram- 
metric model. 
6) The short Turner Method (linear terms only) was found to be usable 
ody within a circle whose radius is  not much bigger than 2 cm. However, if the 
area is made small enough to produce residuals that a r e  both small and random, 
then very few usable s ta rs  a r e  found in that area  (Fig. 9). 
From these experiments, we concluded that no astrornetric method could 
Fig. 5. Plate 6132 
Residuals 
Projective Equations Applied After All Lens 
Distortions a r e  Renloved from Measured Coordinates 
1110 = 2 62 microns 
Fig. 6. Plate 6132 
Residuals 
Projective Equations Applied To Stars Within 
3 .4  Centimeters of the Plate Center 
an0 = 2.37 microns 



be appropriately used to reduce the entire area of a BC-4 plate. However, if 
the lens distortion parameters a re  known and fairly constant for a given camera, 
then the projective equations (with two conditions) could be used after the measured 
coordinates have been corrected for lens distortion effects and the apparent stel- 
12s coordinates a r e  corrected for diurnal aberration and refraction. If it is not 
necessary to recalibrate the camera after each exposure, it appears that the 
projective equations could be applied by means of the procedure just described to 
obtain results practically equal to those which a complete photogrammetric 
reduction would provide. If no a priori corrections a r e  made for lens distortions 
but still the apparent stellar coordinates a r e  corrected for diurnal aberration 
and refraction, then a confined area not greater than 4 cm (about SO) in radius 
Tram the plate center can still be  reduced with good results. 
As  a final check we reduced each plate itstrometrically, using the 
projective equations, using only s tars  within 6 degrees of the plate center, and 
not applyjil~g any corrections for lens distortions. The plate constants obtained 
were then used to compute the direction of a satellite image near the center of the 
plate. These directions a re  compared to those obtained by ESSA with the photo- 
gramm-etric reduction in Table 1. 
Table 1 
Photogrammetric and Astrometric Coordinates of a 
Satellite Image Near the Plate Center 
PHOTOGRAMMETRIC ASTROMETRIC 
The mean departure of an astrometric coordinate from the photogrmmetrie 
was only 012 (0.3 19 when using the actual measured s tars  coordinates as inpuk. 
The maximum departure is o.%, still well below the accidental measureme& 
er ror  level. 
3.  Multiple Satellite Bnages Astrometrically 
The close agreement between the astrometric and photogrammetrie 
satellite directions a t  the center of the plate was expected. We next a a e m p t d  
to extend the astrometric reduction to areas away from the plate center, 
Two sets of satellite images were chosen, one spaced at  2 ~ ~ e c o ~ d  
intervals and the other at  17second intervals, On each plate, astrometric redue- 
tions were performed using only s tars  in the area around each image, Each of 
those sets of plate constant's were then used to compute the direction of the satel- 
lite image at  the center of the area. Areas of 6' and 3?8 radius were used (Figs. 10 
and 11). 
Considerable overlap of these plate areas is evident. For satellite images 
at 24second intervals, there is double and triple overlap of plate areas for the 
6' circles, but only double overlap for the 308 circles. In the case of the 17- 
second intervals, there is  even quadruple overlap of the circles. Since wise 
want to obtain satellite directions that a r e  as  independent a s  possible,, we want to 
eliminate using the same set of stars in two o r  more reductions as much as pos- 
sible. This implies the use of widely spaced satellite images and small care-dxr 
plate areas to minimize overlap of the plate areas. On the other hand, this 
criterion must be balanced with the need to obtain a reasonable number of stars 
in each area. 
The satellite directions obtained by the astrometric reductions are 
compared to the directions obtained by the ESSA photogrammetric rede~etions in 
Table 2 .  
Fig. 10. Plate 6132 
Set I Satellite, 
248 htervals 3.8" and 6' Circles 
Fig. 11 Plate 6132: Set ?3 Satellite, 175 Tntervds 
3.8' and 6' Circles 
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Standard deviations of the differences between the astrometric and 
photogrammetric coordinates were computed for all plates and a re  shown in 
Table 3. 
Table 3 
Standard and Alean Deviations of the Astrometric 
from the Photogrammetric Coordinates 
(numbers in parentheses exclude central image on each plate) 
STANDARD DEVLlTIONS 
Right A.scension (sec of time) 
Plate 2559 Plate 5205 Plate 6132 All Plates 
3?8 f3'?0 3?8 6?0 3% 6'10 3'18 6% 
Set I ,075 .222 
. . 
Declination (sec of arc 
Plate 2559 Plate 5205 Plate 6132 All Plates 
3% 6?0 3?8 f?0 3'18 6'io 3'i8 6% 
The standard errors  of unit weight arising from the astro~neltrie adjust- 
ment were evaluated for the different plate areas. Tabulated in Table 4 for the 
0 
satellites of Set I a re  the standard errors  for 6' and 3.8 radius circles, Inekded 
also is the same statistic computed when all known lens distortions were removed 
from the s tar  coordinates and the adjustment performed for the entire plate. 
Table 4 
Standard Errors  of Unit Weight 
(* &): 
Id was theorized that the smaller plate areas might give better 
satellite directions than the larger. The experimental results do not seem 
to have supported this. The poorer distribution and fewer stars may have 
over-come any advantages of the smaller plate area, o r  possibly the area was 
still too large for the astroinetric model to successfully accommodate the lens 
dis$srkiom. The standard errors  of unit weight do not indicate a lack af accorn- 
modation however. 
Of more importance is the fact that the smaller plate area did not 
produce results any less accurate than the larger. Thus the fewer number of 
stars used did not significantly affect the satellite directions. 
The conclusion is that the smaller plate areas a r e  preferable for the 
fol1owing reasons: 
1) There is no improvement in the accuracy of the satellite directions 
from the larger plate areas. 
2) Fewer stars a re  used in more than one reduction per plate, thereby 
decreasing the correEatioa~ $,?.h~~een co~.zsecuh;ive satellite directions 
3) The atmber of sLirs a p p ~ a r i ~ g  hmce in *the same 1s 
small -. 
During this part crf t h e  iw* csligationz, an additjonal fact beean.: es,dent, 
With proper ehoiee of satelli te images, eacn pT?t:, eonld 6~a1"~isre been diindc4 r?0 
three entirely independe~~t plates, The,, would be independent in the siulase t h 5 ;  
three astromekric redrrctioac: ccdd  laase been performed without using a c ~  s+ar 
image in more than one xedwction. This pas-tic~~lar choice of satellite r.as;es 
was not compatible with iat'iaer +.rcts of the study se it was co"l.bternpti~i bere* 
The standard deviations in right ascension and deelimtioa listed kn 
Table 3, when combined, result in a total seae?dard deviation of abou: one s re  
second. R is impostzn".,%o realize that this figure represents only 2 e~r~par~son 
sf the astrornetric and ESS4.'s pE^ .;otogs:;kvmetric eoerdimtes. An estk~raie 3.T the 
absolute error Is uaathinable- 
A graphical comparison is made in Figs. 12 and 13, Plotted are photo- 
grammetric mintas astro~netrie eoordin%tes; the astrometric eoordimates are 
from the 3% areas Aiso plotted on the figures are the FA63 results fr8;~," t'5~i.y 
astrometric reduction when they reduced the data from the sane three plates* 
From these investigations we may conclude thax if one is willir-ig TCI 
settle for slightly less than the ~?n,v;immm. attaS-ab4e accuracy, then s ~ c I s ~ ~ z L = ( ~ ~ G ~ ~  
results can be obtained at a great saving by measuring only a fesv star S r ~ ~ a g c s  
in the neighborhood of a desired satellite image and performing an ast  sor~etr ic  
reduction of each area separately. Farr%hermore, if the eoverlap between pa3i:e 
areas is minimized, the satellite directions so obbinzd should be k-ekar,.~el~~ 
independent. 
4. Polynomial Curve Fits to Satellite Images 
Several iz~vestigatioxs were made illto the methods by which a po:y*lomia% 
curve could be fit to the ~rreasu'ed satellite images .. W e  first investigated the 
possibility of several fictitious satellite images from a single curve, fit 
to all the measured images on the plate, Fig* $4 shows the rancertainty a 
T" 
2 ig, 12 Plate 6432: Right Ascel~siolls (Pho tog ran lne t r i c  - Astrsmetric) 
0 8 0 0 
- 6 - I 01 
DIFFEREIYCE I N  SECONDS OF ARC D 
Fig. 13 Plate 6132: Declinations (Photogrx~nmet~ ic  - Xstr-mne;,:ii 
T 
PAGE %O O M " i i I T I 1  + 4 + +  J P V 0 4 / 0 3 / 6 0  ++++ 
PLOT D F  S P C I A - X  FOR THREE S A I E L L P I E  IMAGE T R A I L S  ++ ONE P O L Y N O M I A L S  DEGREE 5.  F I T T E D  TO A L L  S A T E L L I T E  I M A G E S  
A B S C i S S A  - C O L U M N  I 
O R O i ? d n l S S  - G O F I J N N  8 1.). COLUMN I ( e ) ,  COLUMN 3 1 * # 0  
* Plate 5205 
Plate 6132 
+ Plate 2559 
Fig. 14 Plot of Standard Deviatioils (a,) Along 
ESSA X Polynomials-Degree 5 
Plate 2559 - 450 Images 
Plate 5205 - 297 Images 
Plate 6132 - 360 Images  
fictitious image as a function of its position on the curve. There a r e  several. 
inflections in these curves, but the uncertainty of a fictitious image does not 
really vary too drastically away from the plate center. Fig. 15 and 16 show 
the uncertainties of a fictitious image for various degree curve fits. For the 
even degree curve fits, the uncertainty r i ses  in the middle of the plate, while 
for odd degree curve fits the uncertainty is least at the middle. Also note that 
in this particular example the lower third degree curve has smaller uneer&iPB$ies 
across the plate than the higher fourth degree. 
One of our main goals was to investigate the possibility of o b b i a i ~  
several fictitious images from a satellite trail, since it appeared to us that a 
certain amount of geometrical information is lost by compressing aPB the idor -  
mation on the plate into a single fictitious image (the previous ESSA practice). 
We expected that we could break the trail into several shorter trails,  f i t  lower 
degree polynomials to each of the shorter trails, and obtain fictitious i m ~ e s  
from each of the shorter curve fits that would each be almost as precise as the 
single fictitious image from the curve fit to the entire plate. The satellite 
Grail was broken into segments containing 90 images (18 seconds of time). A 
third degree polynomial curve was found to be appropriate for most of these 
shorter segments A fictitious image was computed near the center of each of 
these segments, and a corresponding fictitious image was computed from the 
fifth degree curve fit to the entire plate. Table 5 shows the coordinate computed 
from the long polynomial and the difference between it and the coordinate com- 
puted from the 90 image short polynomial. 
The maximum difference between a fictitious image coordimte computed 
from the long polynomial versus the ninety image polynomial was 0.53&, The 
mean difference was 0.27 p o r  0:17. When considering both x and y coordi- 
nates together, the largest total difference was approximately 0.6 Por  less than 
0:s. This indicates that the shorter polynomials gave nearly the same inter-- 
polated values as the longer polynomial. 
Another comparison between the various polynomials was made through 
the precision estimates (Ox, 6) for the coordinates of the fictitious points. The 
PAGE 3 3  QnNlSBL I  4 4 4 4  J P V OU/O3/68 44++ 
S P A U D P H O  f 9 E W l A T l O M  OF X AND Y ALONG THE SATELLITE IXAGE T R A I L  PLATE 6132 ++++++++ DEGREE 2.3.0. a 4 4  
A B S C Y S S 8  - COLUMN 9 
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Fig. 15 Plot of standard Deviations (0,) Along X Polynolnials of Various 
Degrees Fitted to 90 Satellite Images - Plate 6132 
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Fig. 16 Plot of Standard Deviations (0,) Along I' Polynomials of Vwions 
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Table 5 
Computed Coordinates and Stiindard Deviations 
(P ) 
Plate 2559 ESSA POLYNOPIIIAL SHORT POLYNOMIAL 
Point degree 5 450 images degree  3 90 images 
Number X Y X OX Y a 
Ox Y 
Pla te  5205 
P o i n t  
Number 
P la te  6132 
ESSA POLYNOMIAL 
degree 5 297 images 
X Ox Y 
Or 
SHORT POLYNO>IIAL 
degree 3 90 images 
X ox Y 
OY 
degree  3 90 images 
precision figures a r e  listed in Table 5. The x and y coordinates of a f ie t i t i~us 
satellite image computed from the shorter image trails did suffer a sipifiemt 
decrease in precision. It averaged about 60% for an image near the plate center 
for the ninety image third degree polynomials and less away from the a:enter, 
In summary, the interpolated fictitious image coordinates are very 
nearly the same from either the long o r  short image trails, The short image 
trails yield larger precision estimates, but a t  least three reliable direckiom 
per plate a r e  now available, containing more geometric information than the 
single fictitious image. Therefore we recommended that shorter satellite 
image trails and lower degree polynomials be considered for use with. BC-4 
data, resulting in additional observations per plate. 
5. Conclusions 
The investigations described in this paper provided some answers fa 
the first  two questions raised in the introduction. 
1) The astrometric method can be used if one is tvilling to settle for 
slightly less than the maximum obtainable accuracy. If a valid set of calibration 
constants for the camera a re  available, distortions may be removed and the 
whole plate reduced with the projective equations. Otherwise, the projective 
equations may be satisfactorily used to reduce a small area of the plate around 
the satellite image. 
2) The satellite trail can be satisfactorily broken in three shorter 
trails, and a lower degree polynomial fit to each. Investigations described in 
another paper [Schwarz, 19691 indicate that information is indeed lost if ody a 
single fictitious image from each plate is used. Better results were abbined 
both by using three fictitious images obtained from three separate curve fits 
and by using ten individual images per plate. 
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1. Introduction 
The purpose of the experiments described in this paper was to 
determine the feasibiliw of adjusting satellite directions determined from 
Be-4 photograpMc plates in the short a r c  orbital mode, and to c o m p r e  the 
solution obtained in the orbital mode with the corresponding geometic  mode 
solution. These experiments were part of a continuiw series sf investiga- 
tions conducted at OSU into the various methods of utilizing passive satellite 
observational data, especially the data deposited in the N a t i o d  Space Science 
Data Center. Results of previous investigations a r e  reported in [Ho$&er, 1967; 
Norbarger ,  1968; and Veach, 19681. 
2. The Form of the Data 
The BC-4 c a ~ e r a  is providing the data for the es tab l i shent  of the 
U. S. World Geometric Satellite Net. This program is  directed by the U, S, 
Coast and Geodetic Survey of the Environmental Science Service Rhinis t ra t ion,  
which schedules observations and reduces and analyzes the data. Obsewa- 
tions a re  scheduled only in the simultaneous mode. Successful sinadhneous 
photography by dwo on: more stations is termed an event. Since the passage 
of the satellite through the field of view takes two to five minutes, f1simulkneous~9 
in this context means that the time spans of the two plates overlap. lh practice, 
observations a r e  scheduled and the cameras a r e  aimed so that the overlap is 
large and the satellite passes near the center of each plate at  nearly the ss1m.e 
time. The opening of the shutter is controlled by the station clocks, Since 
each clock defines its own time system, and because of the finite time requ'ired 
for the light from the satellite to reach the stations, the images a re  not 
exactly simultaneous. The star b a g e s  a r e  measured by the USeGS and are 
used to perform a sophisticated stellar camera calibration, which is  s m m a r -  
ized in [Hotter, 19671. The accuracy of the computed direction of the: optical. 
axis is  thought to be about 0:s. 
Each satellite image is also measured. For the data presently in 
the National Space Science DaLa Center, each satellite image is conveAed to 
a right ascension and declination by use of the plate constants. The sateuite 
images are treated a s  own stars in this conversion. The right ascensions 
and declinations of the satellite images include atmospheric refraction and 
stellar aberration, so  that the coordimtes deposited in the NSSDC a r e  "apparentyt 
i~ ",he sense of the apparent place of a star. The t ime asscciated with each 
image i s  the UTll of the instant the image was received (mid-opening of the. 
s"r~.ultsr) xnodified by the addition of 44ms to refer  to the old adopted longitude 
of the '8;'- S,  Yiaval Observatory. In order  to obtain the geometrical direction 
or" the center of the satellite, i t  is necessary to correct  the listed coordinates 
for phase angle, parallactic refraction, and parallactic aberration (light- 
time correction) [Veach, 1968, p. 911. The investigations described in this 
paper apply to the data in the form of satellite right ascensions and declinations, 
although it is expected that the measured plate coordinates (x,y) will be  deposited 
ifi the Data Center in the future. 
3.  Btcllike Images and Curve Fitting, 
The sheer abmdance of data available from even a single BC-4 plate 
creates several  interesting problems, since each user  must decide how best  
to use s ~ c h  a huge m o u n t  of data. The method employed by the USCGS in- 
atolees the fitting of polynolnials to the satellite trail, but not all investigators 
q r e e  that this is the best  approach. In particular, it may b e  possible to use 
osll:~ 3 selected sc t  of images and obLtain the same information by processing 
the data  in the orbital mode. 
3.1 The U s e  of Every Single Image 
The most obvious approach is  to t r ea t  each image a s  a separate obser- 
vation, Mowever, there a r e  several good reasons why this is unsatisfactory. 
The main problem is that there is just too much data to be  processed for the 
amount of geoanetrical information that may be obtained. Although they may 
proviee statistical information, adjacent images a r e  so  close together in direction 
that dhcy provide essentially the same geometrical information. Thus it would 
appear that the same amount of geometrical inforlnation could be  obtained from 
only a selected se t  of images. Although using the several hundred images on 
each plate will not necessarily harm an adjustmer~t, it is usually not advisa bbe 
to generate superfluous obsesvationa equations, since the processing of a grealss 
number of equations on the computer will usw.lly result in a greater aecumnji.;;- 
lation of round-off error .  Furthermore, the genesation of several hm&m 
obsenation equations that give little useful infomation would be a needeee 
waste of cornp~xter t h e .  A second cornideration is that certain cornponema 
of error ,  such as emulsion creep o r  anomalous refraction, may be nearly 'Eke 
same in adjacent images. This could mean that the errors  in adjacent h ~ a - g o s  
a r e  significantly correlated, and that an adjuswent that fails to Lake aceou:~~~ 3f 
this time-wise (or serial) correlation may be biased. A third cornideration ,s 
that the images on the tvvo or  more plates that constitute a everat are not s~rniii- 
taneous. Therefore some sort  of curve fitting procedure, 3 only as aa i n t x  - 
polation tool, will! have to be employed anmay. 
3 .2  The Use of a Few Selected Ernages 
If only a few, such as  ten or twenty images, a re  selected from the 
plate, and if these a r e  spaced fairly well apart, then the correlation between 
adjacent images arising from such effects a s  emulsion creep and image motice 
may by neglected. However, if a single plate rehet ion is done for the w@cde 
plate, the directions computed for different images will still be c a s r e ~ a l c ~ ~  "">= 
plate constants a re  detemined from measurements of the star images, an:% tL 5 
have statistical uncertainlies. Since the computed right ascensions ar:l dec inzi - 
tions of the different satellite images all involve the same set of plate com~arts 
these will all be correlated; i. e., although the plate coordinates (x,yj af the 
different images a r e  not correlated, the right ascensions and decliimtiscs arc_, 
This consideration also applies to photographs of sequences of f lash i~~g I; ",iQ,s, 
such as the ANNA. o r  GEOS optical beacons. Since this consideration ap121Les 
to other photographic systems, such as  the PJIQTS and PC-1008, it wr13 be % . r a n  
ined in some detail. 
Let the error  ira the sight ascension of a single image be w~ittee 
where 6 % ~  is the component of the e r ror  arising from accidental measurement 
error on the comparator, 6Q1, is the e r ror  from shimmer, image motion, 
and emdsion creep, and 6a1, is the error  arising from any errors  in the 
plate constants; i. e. , 
etc. There are,  of course, several other small sources of error,  but 
consideration of them is not necessary for this analysis. Since the dominaing 
source of e r ror  in the plate constants is  the errors  in the catalogued positions 
of the stars, it may reasonably be assumed that these components of e r ror  
are independent. Then the variance of this right ascension -may be written 
Sknilarly, the variance of the right ascension of another image from the same 
plate is 
The covariance between al and a, is then given by 
This expression will contain the expectancies of six cross products. The 
measurement errors  may reasonably be assumed to be independent, and, if 
the images are sufficiently well spaced, the errors  arising from shimmer and 
image motion may also be assumed to be independent. However, the e r rors  
in. the two images arising from the plate constants will be very nearly the 
same, and will both be very nearly the e r ro r  in the right ascension of the 
estimated direction of the optical axis. Thus the only cross product which does 
not vanish in (2) will be 
The problem presented by covariances between dsferent images i s  
that they lead to large, nondiagonal, weight matrices. Covariance between the 
right ascension and declination components of one image presents little pro- 
blem, since it leads only to a weight matrix with 2 x 2 blocks om the main 
diagonal. However, covariance betweern different images produces blocks 
whose dimension is  twice the number of images taken from each plate. For 
example, let n be the number of images used from a plate and let the obser- 
vation equations be arranged in the order {al, 6 1 , ~ 2  .: . 6,] .  For simplicity, 
assume that right ascensions and declinations have the same variance 8 and 
that right ascensions a r e  uneorrelated with declinations. Also Pet 
be the correlation between any pair of right ascensions or  declinations. Then 
the covariance matrix for the observations on a single plate i s  
The total weight matrix for the adjustment of all observations on all 
plates i s  made up of blocks such a s  this along the main diagonal. Since this 
matrix is  highly patterned, its inverse may be formed analytically with little 
trouble. However, most computer programs for the adjustment of satellite 
directions a r e  not set  up to deal with correlations of this type, since a rigorous 
treatment of these correlations would necessitate storing the observation 
equations arising from all  the images on a plate in the machine at  the sasne time, 
and this would result in a somewhat cumbersome program. The orbital con- 
straint program used in these experiments will take account only of 
correlation between the right ascension and declination of a single image, 
and this is also true of the geometric mode program used for the comparisons 
described in section 4. Therefore, it is  reasonable to consider what will 
h p p e n  if these correlations between different images a r e  neglected and a 
diagonal weight matrix is used. 
First, the solution will still be unbiased even if the wrong weight matrix 
is used pamilton, 1964, p. 1461. However, the solution will not have the 
proper@ of minimum variance, since this requires that the weight matrix be 
inversely proportional to the covariance matrix of the observations. Let the 
weight coefficient matrix of the solution obtained using a diagonal weighting 
mat~rix i re denoted QD, and let that of the minimum variance solution be 
denoted Q I ~  v . Then 
QMV s Q ~  
since Q M V  is minimum by definition. However, it is also possible to find 
an upper bound for QD in terms of QMV [Magnus and McGuire, 1962, p. 4691. 
This is given by 
where A,,, and A, ,, a r e  the maximum and nlinimum eigenvdues of the true 
correlation matrix of the observations. The correlation matrix in (3) is 
highly patterned, and its eigenvalues turn out to be a function only of the eor- 
relation coefficient r and the number n of images used from the plate. The 
applicable values a r e  
1 1 
The factor q RDaX + A,,n)(- +' ) i s  tabulated in Table 1 for r = 0.06 
X r a x  A m i n  
and r = 0.31. These correlation coefficieKICs were used because they represent 
the correlation between hdividud images on 156-4 plates for the 300mm 
and 450mm lenses, respectively. The interpretation of this table is that the 
solution obtained by neglecting correlations between differed iimages is no 
worse than this factor times the covariance matrix of the m i n k m  varianne 
solution. Thus it is possible to make a qmntitive jud,ollaent as to whether 
o r  not the worsening of the solution caused by neglect of these correlatiasm 
is tolerable. 
Table 1 
FVorsening Factors for the Effect of the Neglect of Correlations 
Between Observations 
3 . 3  Curve Fitting and the Orbital Constraint 
In the method used by ESSA to process the BC-4 plates, there is no 
problem of correlation between images, since only one image is considered 
and one pair of observation equations per plate is  generated. This m..ethod 
entails the use of two polynomials to describe the trail of the satellite across 
the plate, and a single "fictitious image7? is computed from these po8ynsmials, 
Since the polynomial curve fitting smoothes out measurement error ,  shwmer, 
and other errors,  this fictitious image is  of higher quality than any of the single 
B~~ages .  The two polynomials describe the plate coordinates x and y as fun* 
tions of time, where the x and y axes lie in the photographic plate and are 
oriented in the direction of, and perpendicular to, the approximate direction 
of the satellite trail. (The ESSA computations never involve the right ascen- 
sion ax-d 69ecliBlation of eaeh image. ) The satellite trail on the plate appears Lo 
be a straight Sine to the unaided eye; however, careful analysis shows tkt 
higher degree polynomials fit significantly better peach,  1968, p. 731. Nor- 
mally fifth degree polynomials a r e  used, but seventh degree polynomids have 
also been used, especially for the ECHO plates which generally have a greater 
namber of b a g e s  than PAGEOS plates. The coefficients of the polynomials are 
determined by least-squares curve fitting to the corrected x and y plate coor- 
dimtes. The fictitious image is computed by selecting an epoch, usually 
specififed as the UT1 of the time the light left the satellite, correcting this 
epoch for light travel time, transforming it into the time system in which the 
curve fitting was done (e. g. , the station clock system), and evaluating the x 
and y poliynasnials for the epoch. The light-time correction and the transforma- 
tion between time systems i s  discussed in detail and an example of the computa- 
Lions is given in [Veach, 1963, p. 1001. 
The USCGS procedure of using two polynomials has the effect of 
collapsing all sf the images into a single image, and thus may be viewed as a.n 
ivAomck0,ion compress ion technique. Thus an important question is whether any 
significant infomation is lost in the compression process. A companion 
question is whether the information contained in the single fictitious image 
codd  be obbined by using some subset of the images on the plate. Another 
question, discussed by peach,  19681 and by [Hornbarger , 19681, is  whether the 
same infomation could be obtained by dividing the plate into small areas and 
doing an astrometric plate reduction (which is much cheaper than the photog 
metric reduction), fitting polynomials, and obtaining a fictitious image for eaeh 
area. 
The technique of fitting a curve to the satellite trail h a s  a certain intuitive 
justification; since the path of the satellite in space is a smooth ccrs~ts, its 
trail on the photographic plate should be constrained to be a smooth cun-e also, 
The problem is that the curve fit uses too many p a r m e t e r s  to describe the 
constraint. If fifth degree polynomails a re  used, a total of twelve parmaeters 
a re  used to describe the trail  on each plate. It two plates a r e  involved in the 
event, a total of 24 independent parameters a re  used to describe the motion 
of the satellite, and if three plates a r e  involved, 36 independent prameters 
a r e  estimated. However, the path of the satellite should be equally ~ v e l ?  described 
by the six parameters of a 'Keperian o r  other simple orbit model for the b~ro to 
five minutes spamed by the plate. It follows that the excess over sbr of edme 
fitting parameters a r e  superfluous, and the problem is  said to be *'overparme- 
terized. v v  
The danger of overpararmeterization is that the obsesvatioras may f i t  
the constraint too well. B r o w  claims that there a r e  several possible soizrces 
of e r ror  that a r e  periodic across the plate with periods of the order sf one o r  
a few minutes [Brown, 1961, p. 911. The curve fit will conform to these low 
frequency components of error ,  rather than constrain the images ' l ;~ the true 
projection of the satellite path onto the plate. Brown conc'kudes that a b w  
frequency er ror  whose amplitude is one micron could easily be accomms&ted 
by the curve fit, and that this e r ror  could occur in and dominate the fictitious 
image. It appears then that the images on the satellite trail should be constrained, 
but the constraint should be expressed by short a r e  methods rather than by 
polynomial curve fitting. 
4. Experiments Performed with BC-4 Plates 
In order to answer some of the questions raised in the previous section, 
a selection of BC-4 data obtained from the NSSDC was processed by a short are 
orbital constraint program , In order to afford a comparison with the geornet- 
rical approach, much of the same data was also processed by a geometric 
mode adjustment program. Several series of experiments were performed. 
These experiments used data from the following four BC-4 stations: 
6001 Thuhe, Greenland 
6002 Beltsville, Maryland 
6003 3Ioses Lake, Washin@ola 
6038 Revilla Gigedo Island, Mexico 
The first ser ies  of experin~ents used 12 plates and the second series used 45 
. - 
plates, Five adjustments were performed in each series: 20 individual images 
f rom each plate were adjusted in both the short-arc and geometric modes; 10 
individud images per plate were adjusted in both the short-arc and geometrie 
modes; and a single fictitious image per plate, analogous to the ESSA fictitious 
image, y a s  adjusted in the geometric mode. From these experiments it 
appeared that the most information could be obtained by processing 20 individual 
J rnees  per plate in either the short-arc or geometric mode, although some 
dlowance  must be made for the worsening of the solution if the correlation 
behveen different images on the same plate i s  neglected. The way in which 
the data. was selected appeared to have at least as  great an effect on the solution 
as the mode in which the data was processed. 
The third series of experiments concerned a minimal data set  
c01isir;ting of nine plates and five events; the fourth ser ies  involved 74 plates, 
which eonstihted all the data available from the four stations. Nine adjustments 
were performed in the 74 plate series. Their characteristics were 
(1) orbital mode, 20 individual images per plate (obtained by second-order 
interpolation using three p i n t s )  
(2 )  orbital mode, 10 individual inzages per plate 
( 3 )  geometric mode, 20 individual images per plate 
(4) geometric mode, 10 individual images per plate 
(5) geometric mode, 1 fictitious image per plate 
(6) geor~ietric mode, 3 fictitious images from 3 separate curve fits per plate 
(7) geometric mode, 3 fictitious images from 3 separate curve fits per plate 
The input to the curve fitting procedure was the Mly corrected observations 
obtajned by applying corrections for parallactic refraction, light travel time, 
arid phase angle effect to the data furnished by the Data Center (magnetic 
tape Astro 221). The curve fits were pel-fommed in tenl ls  of orthogonal 
polynomials, with tile degree of the polynomial depending on the declination 
sf  the satellite. Fifth-degree poly~aonlials xirere used for losv decliiza.tions, 
seventh-degree for  moderate declinations, mcl ninth-degree for very high 
declinations. 
The las t  hvo experiments utilized the orthogonal polynonrial crll-~e fits 
prepared by the Hawaii hs t i tx te  of Geophysics [*'Orthogonal Polynomial 
Representation of BC-4 Traces  , l t  Progress  Report on IGGS, Tole 1, by A, 
Mancini and L. Gambino. Prepared for  NASA m d e r  Coiltract NAS 12-001- 
005 by the Hasiraii Enstitxte of Geophysics, University of Hawaii], These 
polynomials were fit directly to the data furnished by the Data Center without 
application of the corrections mentioned above. The coefficients of t h e  poljr- 
nomials were furnished OSU directly by the Eavaii Institute of Geophysles, 
Fully corrected fictitious images were produced from these polynomials b44 
the follo~ving process: 
(a) The polynomials for two coobserving stations were eval~~aced for 
some selected t ime epoch. Since the independent argument of the poly- 
nomials i s  the UTP at which the image i s  received thfs produced hvo images 
which were received sirn~dtaneously, but did not necessarily refer  to the 
s a n e  satellite position. 
@) These- kvo images, together with the approximate coor.din:ttes of 
the cameras ,  mere used to collapute an apl~rosimate satellite position, 
(c) The satellite position was used to compute the light travel time 
for each photograph. 
(d) The t ime of observation svas corrected by the light travel t h e ,  
and the polynomi,ds a-ere evaluated again with the new values. This produced 
L-cvo images ~vhich referred to the same satellite position, 
(el A new satellite positioil was computed fro111 the new images, a d  
the range to each of the hvo cameras svas computed. 
(f) The tnlages were then corrected for phase angle and parallactic 
refraction. A standard tenlperature of 1 0 ' ~  and a stanclard pressure  of 
760 nlna ITg n7as used in this step. 
Two experiments were performed with data obtained 'by the above 
process. There were 
48) geometric mode, 3 fictitious images per plate 
(9) geometric mode, '7 fictitious images per plate 
For all the adjustments, the coordinates of Beltsville (6002) on the 
SLO C-5 da.wi were held fixed, and the scale was introduced by constraining 
the chord distance from Beltsville to Moses Lake (6003) to 1 part in I, 000,000. 
The resuJSs of the 74-plate series of experiments a r e  shown in Table 2. 
Surprisingly, the uncertainties obtained from the orbital d e  solutims are 
0 1 2 1 ~  slightly smaller than those from the geonietric inode adjustments. On the 
other I-m~d the orbital mode solutisn~ is more difficult to handle operationally, 
since ars extra step is  required to obtain approximate orbital elements. 
FiPrthernore, the trails  om the BC-4 plates a r e  all quite short, seldom ex- 
ceeding five minutes of time. This means t h t  some of the orbits tend to be 
poorly ddete~anined, and the adjustment tends to be prone to ~iumerical problems. 
Inc  slight mprovemea'll in the unceAainties of the adjusted coordinates obtained 
in the orbllal mode solution does not seem to justify 'groping with these added 
difficdties. 
Eixperiments 6 and '7 indicate that the use of three fictitious images, 
ob ta l~ed  either from a single curve fit o r  from 3 separate curve fits, produces 
results "ct a r e  equivalent to the results obtained by using 10 individual images. 
The large differences between the reseslts obtained with the Hawaii polyno~nials 
mi! the results of the other adjustments has not been explained. The process 
of fitting. curves to the uncorrected images and then correcting the fictitious 
images taken from the curves should produce a corrected fictitious image 
equlivzbieot o that obtained by first  correcting all the images and then perform- 
ing the  eu1'76e f i t *  
The data used in experiment 9 was intended to represent the planned 
procedures s f  the U. S. Coast and Geodetic Survey, since it appears that 
J S C G S  intends to use seven directions from a single curve fit per plate. 
The , r a in  difference between the USCGS procedure and that used to prepare 
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the data for experiment 9 is that USCGS pe r foms  the curve fit in terms of 
x, y plate coordinates instead of right ascension and declimtiorz, thus it can 
account for the existing correlations between the seven directions. Is1 order 
to test the significance of this difference, the multiple fictitious igPlages as 
computed by the USCGS were also requested directly from that agemy*, Hcw- 
ever, this data could not be provided, since almost all of the plates i ~ ~ v o l v d  
were being remeasured. The results of experiment 9 a r e  inconclusive, 
since the a posteriori standard deviation is much higher than expected, indf-- 
eating some problem in the data. 
In summary, i t  appears that when using right ascensions and declina- 
tions a s  the basic data the best results can be obtained either by using three to 
five fictitious images, preferably obtained from three to five separate curve fits, 
or  by using 10 individual images in the geometric mode. The use of 20 images 
from each plate does plot appear to be justified in view of the worsening of the 
solution caused by correlation between observations. Due to the shortness of 
the trails, the orbital mode adjustment does not offer sufficient impsovemea 
to justify its use. 
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I. Btroductionm 
These experiments concerned the use of the SECOR observations on 
GEOS-I taken from the Pacific Tracking Network. There a r e  approximately 
60,000 of these range observations in the Data Center. This set  of data pre- 
sents some interesting and unique problems, since i h o n s t i b t e s  a geodetic 
network that is completely uwtkched to m y  other network. The SECOR 
Pacific Network was begun in Japan, with three stations om the Japanese 
and extended through the Pacific Ocean to the West Coast of the United 
States. Thus it was comected to major datums on both ends. However, obser- 
vations on GEOS-I were only taken in the middle of the ne&work, from Truk 
Island to Maui so that the network determined by the GEOS-P observations 
alone cannot be attached to any major geodetic datum. Furthermore, -She pri- 
mary satellites for this network were the EGRS series of the U. S. Army Corps 
of Engineers, so th t  GEOS-I was not always fully observed when the primam 
satellites were available. This means that the network determined by the GEOS-I 
observations has some weak ties caused by an insufficient number of o b s e ~ a t i o r & ~  
As a further complication, the quality of a large amount sf the data is 
questionable, since in its early days the SECOR system was plagued b y  m b i -  
p i t i e s ,  calibration errors ,  and possibly unreliable deteminations of ionaspherie 
refraction. TheoreticaEZy, it is  possible to deternine station positions, orbit m- 
lanowns, and coefficients of observational e r ro r  models all in o m  simdknaous 
short-arc adjustment. However, all of our attempts to do this failed to converge, 
mainly because there were just too many unhowns and not enough a prior% con- 
straints to afford a reasonably well determined ,4olution. 
Thus we were essentially faced with a bootstrap operation: if one has 
fairly good station positions one can find and remove bad data; conversely, if 
one has all good data a rigid geodetic network can be easily constructed. Having 
neither reliable data nor station positions we had to proceed in stages. 
, c.' : '1 -- .. - _ .-.-:  Adjustment 
As a first  step it was necessary to find a se t  of data that was a t  least 
intermlly consistent. We performed many adjustments, often deleting, and 
sometimes adding, data, until we got a set of residuals that were reasonably 
small and fairly randomly distributed. In all of these adjustments i t  was nec- 
essary 50 impose only the minimum set  of constraints necessary to define the 
coordimle system. Since we did not know the relative positions of any of the 
sta-titons , any larger set  of constraints would increase the residuals and mask 
the internal consistency of the data set. Also, since we did not know the geodetic 
position of any of the stations on any major datum, we were free to define the 
ad ju shen t  coordinate system arbitrarily. 
In the case of range observations, the minimum number of constraints 
necessary do define the coordinate system is six: three to define the origin and 
three to define the orientation; the scale of the system is determined by the 
observations themselves. 
At first these constraints were realized by constraining the three 
coordinates of one station, two coordinates a t  a second station and one coordinate 
at a third station. We found that if the stations and the coordinates to be  con- 
strained were  not selected with care, the coordinate system would be poorly 
defincd, and this would result in poor e r ror  propagation characteristics, a weak 
network, and numerical difficulties. Later we found that the best way to define 
the e o o r d i r ~ t e  system was to use the set  of constraint equations called "inner 
adjustment constraints" @inner et . al, 19691. These equations essentially define 
the  adjnstrxent coordinate system by holding fixed the mean position and orienta- 
tion of the network a s  obtained from the approximate coordinates of all the 
skt ie~ns.  m e n  the problem is to arbitrarily define a coordinate system for the 
a d j u s ~ e n t ,  and to do so in a way that will result in the strongest network, the 
inner adjustment equations will give better results than any other minimal set  
After a great deal of trial and e r ror ,  we obtained a set of coordinates 
f o r  nine of the ten stations, from Truk Island to Midway Island, that was internally 
consistent, yielding an estimated standard deviation of a single range obser- 
vation of slightly more than 5 meters. We were not able to extend the network 
do Maui with the GEOS-I data, since all of the GEOS-1 data from Maui gave 
quite large residuals. Therefore, we requested and received EGRS-7 data 
from the U. S. Army Topographic Command to comect Maui to Kusa~e, Johnston 
and Midway Islands. This data brought the estimated standard deviatioa up ?to 
about 8 meters. However, we felt that this was about the best set  of d a h  w e  
could hope to get, since r emovix  any of the data with the larger residuals woejrlid 
have ruined the geometrical integrity of the network. 
111. Connections to the North American 
We were now ready to connect the network to the North American l B .Lm,  
Although we did mt have NAD coordinates for any of the SECOR stations, we were 
able to find several indirect ties by which such connections could be effected . 
(Tables 5 and 6 ) .  
First, there was a BC-4 station on Maui. Since this station was part 
of the Worldwide Geometric Satellite Network, its NAD coordinates lbd been 
computed by and were available from ESSA. Both this BC-4 station and the SECBR 
station had been tied into the local survey system, so  that their relative eoordi- 
nates were known and the NAD coordinates of the SECOR station could be inferred.. 
Secondly, there was a PC-1000 camera on Johnston Island, at the same 
site that had been occupied by the SECOR station. This PC-1000 eamera 1~1d 
observed PAGEOS, ECHO 1, and ECHO II simultaneously with BC-4 c m e r a s  On 
Maui, Wake, and Christmas Islands [Huber, 19691. Since the three BC-4 stations 
were tied do the World Net, coordinates of the Johnston PC-I000 could be deter- 
rnined on the North American D , a s  carried into the Pacific through t h e  
Be-4 World Net. The observational data ~ t ~ 5 . a ~  obbined from A C E  and usedl to 
determine NAD coordinates of the PC-1000 camera, and the coordinates sf the 
SECOR station were inferred from those of the eamera (Table 51, 
Thirdly, a TRANET Doppler station was located on Midway Island, and 
both i t  and the Midway SECOR had been tied to the local survey system, The 
coordinates of the Doppler station on the Mercury ELZipsoid had been p~bl ished 
as part of the NVJL-8D solution. Performing a datum transfoimation and 
using the relative position of the two stations, we were  able to infer NAD 
coordiratcs for  the Midway Doppler. 
This gave us  three  stations (Maui, Johnston, and Midway) at which the 
GEOS-I SEZOR network could be  tied to the Nodh American Datum. Unfortu- 
nate:~, all three stations were at the eastern end of the network. Due to the 
cantilever effect of the e r r o r  propagation, the station position determinations 
at the western end of the net were quite weak, especially in the vert ical  direction 
Therefore, more  external information was brought into the adjustment in the 
t o m  of geodetic heights for  seven stations in the western part  of the net. These 
geode~ie he~ghts  were determined as follows:. 1) A geoid map based on the latest  
SAO gravity field was obtained from SAO. 2) Geoid heights at each of the SECOR 
sLations were read from the map. 3) The reference ellipsoid fo r  the geoid 
Feighris was transformed from a = 6378155111, l/f = 298.255, to the parameters 
s f  the North American Datum, using the transformation parameters A X  = -27m, 
~y = 155m, A Z  = 167m. 4) The leveled height of each station was added to the 
height of the geoid above the NAD to produce a geodetic height. Having been 
derived from a geoid map, these height determinations were quite uncertain. 
We esti~rsated that 25 meters  tvas a reasonable figure for  the standard deviation 
of a single height determillation and derived weights for the height constraint 
equations from this figure. Even though they had relatively low weight, these 
~ o n s t r a i r ~ t  equations effectively nullified the cantilever effect and greatly 
improved the determination of station positions at the western end of the net- 
work 
* 
IV. Results 
Fwo solutions a r e  presented in Table 1. Both use a large amount of 
SECOR GEOS-I data and some SECOR EGRS-7 data. Both use the height con- 
straints on the western stations. In solution SP-5 the NAD coordinates of 
Johnston and the directions inferred from the ACIC camera observations from 
Johnston to both Maui and Midway a r e  constrained by weighted constraint 
eqmtiesns, so  that the scale of the solution comes from the SECOR observations 
alone. En solution SP-6, the NAD coordinates of Johnstoona, Marsi, and ILIidway 
a r e  all constrained, s o  that these coordimtes also contribute to the scale 
determination. Significantly, distances determined by the SECOR obscmatissns 
alone differ only slightly from distances on the North American m t u ,  as 
extrapolated into the Ibcific through the BC-4 World Net and TRANET systeca, 
V. f i t u r e  Plans 
Now that we have a se t  of station coordinates that appear to be reascm- 
ably consistent, some of the data that was deleted should be re-examined, W e  
suspect that by perfomling short-are orbital mode adjustments in which the 
station coordinates a r e  all constrained, we should be  able to solve for calibra- 
tion and other e r r o r  model unknowns for at least  some passes. Once these 
calibration and other unknowns a r e  determined, i t  should be  possible do use 
that data to strengthen the network. 
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Table 1: SECOR PACIFIC SOLUTIONS 
- - 
Estimated Standard Deviation of a Single Range 8.6132 8.63111 
Table 2: Solution Coordinates (meters) 
GOCC # 
5401 
5402 
5403 
5404 
5405 
5406 
5407 
5408 
54 10 
5411 
Name 
Truk 
Swallo 
Kusaie 
Gizo 
Tarawa 
Nandis 
Canton 
Johnston 
Midway 
Maui 
x 
Y 
z 
x 
Y 
z 
x 
Y 
z 
x 
Y 
z 
x 
Y 
z 
x 
Y 
z 
x 
Y 
z 
x 
Y 
z 
x 
y 
z 
x 
Y 
z 
. 
S F 5  
-5576035 
2984497 
822208 
-6097428 
1486310 
-1133415 
-6074515 
1854183 
583632 
-5805376 
2485135 
-893090 
-6327906 
784398 
150640 
-6070177 
270469 
-1933025 
-6304289 
-917822 
-307267 
-6007958 
-1111399 
1823991 
-5618697 
-258347 
2997059 
-5467994 
-2381574 
2253010 
a 
20 
22 
35 
14 
27 
23 
13 
17 
23 
16 
27 
29 
11 
18 
17 
19 
35 
21  
16 
22 
15 
8 
9 
8 
15 
20 
21  
11 
12 
8 
SP-6 
-5576033 
2984494 
822221 
-6097428 
1486315 
-1133408 
-6074515 
1854183 
583641 
-5805373 
2485138 
-893079 
-6327907 
784401 
150645 
-6070178 
270479 
-1933021 
-6304288 
-917814 
-307267 
-6007957 
-1111395 
1823990 
-5618698 
-258350 
2997058 
-5467988 
-2381566 
2253002 
a 
20 
24 
4 1  
14 
33 
27 
14 
20 
28 
16 
32 
35 
13 
22 
20 
19 
4 1 
23 
16 
2 6 
15 
6 
8 
7 
13 
13 
13 
9 
9 
10 



Table 6. Relative Positions from Local Surveys 
5408 Johnston SECOR 
3475 Johnston PC-1000 
5411 Maui 
63111 Maui 2002.5 -22991.8 -10965.6 
5410 Midway SECOR 

COMPARISONS OF INDEPENDENT IWESTIGATORBS 
SURVEY ADJUSTMENTS ON THE NAD USING GEOS DAdTA 
Prepared for the GEOS-2 
REVIEW CONFERENCE 
June 22 - 24, 1970 
J. Berbert 
F. Loveless 
J. Berbert 
F. Lsvelese 
Four independent investigations of GFBS station survey adjustments 
on the North American Datum (MAD) were reported at or shortly after the 
National Spring Meeting sf the AGU in April, 1969. The investigations 
(see Reference8 1, 2, 3, 4) were done at Goddard Space Flight Center ( G F G ) ,  
Air Force Cdridge Research Laboratory (AFCRL), Ohio State University (OSU), 
and the Smithsonian Astrophysical Observatory (SAO). 
Since the different investigators reported their results in different 
coordinate systems and relative to different initial surveys, it was not 
evident to what extent their adjustments agreed. To determine the extent 
of agreement, this paper compares the survey adjustments relative to a 
standard set of initial poaitions for 9 stations common to the above 
investigations. The results of this comparison were reported to the h n u a P  
Pall Meeting of the DLA Mapping, Charting, and Geodesy Conference, October, 
1969 (Reference 5 ) ,  and to the Fall Meeting of the AGU, December, 1969, 
Since these preaentatione, it was discovered that about 10% of the MOTS 
data used in the above sumey adjustments were subject to a small systematic 
computer programing error (Reference 6). The corrected MQTS data were 
obtained from the mSW: and used to repeat the GSFC survey adjustment to 
detemine the effect of the error on the solutione (Reference 7). 
COMPARISONS 
The different data and techniques employed in the various sumey 
adjustments are sunrmarized in Table 1. Short arc techniques were employed 
by GSFC, AFCRL, and OSU. In these solutions GSFC and OSU used optical 
data only. MCRL uraed optical and ranging data. In other solutions OSC 
also tried geometric techniques, once with optical data only, and again 
with optical and ranging data. SAO reported results from a gemetric 
solution and from a combination of geometric and long arc solutions, 
It is not known to what extent the data used in the different solutisna 
are independent. However, as indicated in Table 1, different numbers and 
types of cameras and ranging systems were employed over different numbers 
of orbital arcs. Some of the data in different solutions must therefore 
be independent, although some overlap is likely. 
Other factors which differ in the solutions compared, and which are 
known to influence the results, are the sumey origin, the datum, the value 
of GM, the type of observational data, and the various baseline constraints 
(Reference 8). 
The SAO reported resu l t s  on a  GLOBAL datum and defined the t rans-  
fornation between t h i s  datum and the NBD27. This transformation waa used 
t o  convert t h e  SAO re su l t s  t o  the MAD fo r  comparison with the other  
so lu t ions  on the NAD. 
OSU, in t he i r  shor t  a r c  ORB solut ion,  used the SAO GLOBAL geocentric 
coo rd ina t e s  f o r  Columbia, the survey or ig in ,  but reported r e su l t s  on the 
NAD27 by  removing the  constant: t r ans la t ion  between the GLOBAL and NAD 
geocenters  , 
The d i f f e r en t  solutions a r e  compared by differencing the f i n a l  
posfitions on the NAD with a  standard s e t  of i n i t i a l  NAD posit ions.  The 
s tandard  FnFtFal posit ions were i den t i ca l  t o  the OSU i n i t i a l  posit ions 
given i n  Reference 3 .  
in each solut ion,  the components of the  s t a t i o n  posi t ion s h i f t  vectors 
,dere expressed i n  an E, N, V l oca l  coordinate system. For each solut ion,  
neaa E, N, V s h i f t s  fo r  the network of 9 comparison s t a t i ons  were calculated 
and removed from the E, N, V s h i f t s  f o r  each of the  9 s t a t i ons ,  including 
the origin s t a t i o n ,  t o  allow f o r  e r ro r  i n  the f ixed or ig in  s t a t i o n  posit ion.  
The 3 ,  PI, V s h i f t s  with means removed a r e  given i n  Table 2  f o r  the 9 
comparison s t a t i ons .  
The revised GSFC r e su l t s  due to  using the corrected MOTS data  a r e  
given i n  Reference 7 ,  where most of the changes t o  the ENV components a r e  
shown t o  be within the  noise l eve l  of about 3 t o  5 meters. 
The  l a s t  three  columns of Table 2  give the composite o r  mean horizontal  
and vertfeal ditsplacements from the  i n i t i a l  NAD posit ions fo r  each s t a t i o n  
averaged over all solut ions .  The overa l l  average horizontal  and v e r t i c a l  
displacements are a l so  given, along with the  WS of the  compositie d i s -  
placements, The RMS of the composite horizontal  displacements fo r  the 7 
continental U,S. s t a t i ons  i s  5.1 meters, which is b e t t e r  than the uncertainty 
i n  the NAD horizo t a l  posit ions as  previously predicted from S imon ' s  Rule 
( 1  1:20, O O ~ M ' ) ~ ,  M i n  miles) ,  which yields a  one sigma e r ro r  of about 
8 meters p e r  1000 miles,  but not as good as predicted from the Revised 
S"_Origua Rule (replaces ld by 2 d ) ,  which yie lds  a  one sigma e r ro r  of 
abaaat 4 meters per PO00 miles. Also the  RMS of the composite v e r t i c a l  
displacements f o r  the  7 cont inenta l  U.S. s t a t i ons  is 5.6 meters, which is 
larger by a fac tor  of 2 o r  3 than the  uncertainty i n  the  NAD geodeeic 
he igh t s  s f  about 2 2  meters (Reference 9 ) .  This indicates  t ha t  the  f i r s t  
order re la t ive  posi t ion accuracies of s t a t i ons  on the cont inenta l  U.S. a re  
probably ame&at but  not much b e t t e r  than the  composite o r  average of the  
varioue satellite survey adjustments reported here. 
The s h i f t  of 24 27 meters t o  the  East i n  the  composite s a t e l l i t e  
so lu t ion  f o r  Bemuda seems t o  be the  only s i g n i f i c a n t  s h i f t  f r o m  the 
i n i t i a l  NAD pos i t ions  detected by these s a t e l l i t e  so lu t ions .  The initial 
NAD posi t ion  f o r  Bemuda is  given i n  the  Goddard Directory of Tracking 
S t a t i o n  Locations (GDTSL), as taken from the  Coast and Geodetic S u r v e y  
BC-4 camera r e s u l t s  from the 1964/65 s a t e l l i t e  t r i angu la t ion  program, 
I n  t h i s  s a t e l l i t e  t r i .angulat ion and dis tance  derived f o r  the  basel ine  
between cameras i n  Aberdeen, f i r y l a n d ,  and J u p i t e r ,  F lo r ida ,  was 16,5 
meters l e s s  than the  same d i s t ance  determined f r m  the  Gaps Ganaveral 
(CC) t raverse .  I n  the  longer CC base l ine  between theae two cameras were 
used i n  the  a a t e k l i t e  t r i angu la t ion  so lu t ion  f o r  Bemuda, the  result 
would be an approximate 18 meter s h i f t  t o  the  East ,  i n  c l o s e s  agreement 
with the  present  r e s u l t s .  
Also, the  -6.4 meter adjustment in the  composite so lu t ion  f o r  BemuQa 
height  would have been +3.6 meters i f  the  i n i t i a l  NAD height  chosen for 
Bermuda had been the  +21 meter s t a t i o n  geodetic height  given i n  rhe GDTSL 
r a t h e r  than t h e  4-31 meter s t a t i o n  height  above ??ISL given i n  the  GDTSL, 
CONCLUSIONS 
1. The composite s a t e l l i t e  survey adjustments t o  the  7 cont inenta l  
U.S. s t a t i o n  posi t ions  compared in t h i s  pager exh ib i t  an RlE.IS hor izonta l  
and v e r t i c a l  s c a t t e r  of 5.1 meters and 5.6 meters about t h e  NAD @ t a t i o n  
posi t ions  compared with the  expected average hor izonta l  and v e r t i c a l  errors 
i n  these posi t ions  of about 4 meters and 2 meters (as detemined by S i m o n ' s  
Modified Wle) .  
2. These s a t e l l i t e  so lu t ions  s e m  t o  have detected a s i g n f f i c a n t  
e r r o r  i n  the  GDTSL pos i t ion  of B e m d a .  A n  adjustzllent of 25 27 metere 
t o  the  East is indicated.  
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COlirZECTIONS D7 LOCAL CARTESUN COORIDINATES 
(E, N, V) MEAN CORRECTION REMOVED (METERS) 
Overall Average 9.7 + 7.0 ;0.2 @of Overall Average 26.6 -7.2 -6.5 
FtMS (All 9 stations) 9.8 6.1 
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ESTIMATES OF C-BAND RADAR 
STATION POSITIONS AND INTERSITE DISTANCES 
by 
C l i f f o r d  D .  L e i t a o  
Na t i ona l  Aeronau t ics  and Space Admin i s t r a t i on  
Ron.ald L .  Brooks 
Wolf Research and Development Corpora t ion  
E s t i m a t e s  of t h e  g e o d e t i c  p o s i t i o n s  of s e l e c t e d  6-Band 
r a d a r s  t h a t  t r a c k e d  t h e  GEOS-I1 s a t e l l i t e  d u r i n g  the  
p e r i o d  28 January  1969 t o  18 February 1969 a r e  p r e s e n t -  
ed. The g e o d e t i c  p o s i t i o n s  were e s t i m a t e d  dynamical ly  
on t h e  SAO C-6 datum u s i n g  t h e  SAO 1969 g r a v i t y  model, 
I n t e r s i t e  d i s t a n c e s  between some of t h e  s i t e s  a r e  a l s o  
p r e s e n t e d .  
1. INTRODUCTION 
The GEOS-I1 C-Band P r o j e c t  ha s  been h i g h l y  s u c c e s s f u l  i n  a c h -  
i e v i n g  one of  i t s  pr imary g o a l s ,  i . e . ,  t h e  c a l i b r a t i o n  of t h e  
r a d a r s  i n  t h e  C-Band r a d a r  network.  Many of  t h e  r a d a r s  wh ich  par- 
t i c i p a t e d  i n  t h e  i n t e n s i v e  t r a c k i n g  exper iment  du r ing  t h e  p e r l o d  
28 January  t o  1 8  February 1969 a r e  b e l i e v e d  c a l i b r a t e d  t o  t h e  pcint 
t h a t  t h e  p r o j e c t  i s  ach i ev ing  i t s  second pr imary goa l  of  u t i l i z i n g  
r a d a r  o b s e r v a t i o n s  t o  e s t i m a t e  g e o d e t i c  pa r ame te r s .  The C-Bsnd 
r a d a r  n e t  i s  shown i n  F igure  I .  
2 .  DATA 
The o b s e r v a t i o n s  be ing  used t o  e s t i m a t e  t h e  g e o d e t i c  parameters 
( 4 ,  X ,  h)  come from two i n s t r u m e n t a t i o n  s o u r c e s ,  l l  C-Band radars 
i n  t h e  C-Band r a d a r  network and two Goddard Space F l i g h t  Center  
l a s e r s .  a The raw r a d a r  d a t a  was p r ep roces sed  c o r r e c t i n g  it f o r  
t r o p o s p h e r i c  r e f r a c t i o n ,  t r a n s i t  t ime ,  and a  c a l i b r a t i o n  de r i ved  

z e r o - s e t  c o r r e c t i o n !  The r a d a r  d a t a  was t h e n  v a l i d a t e d  i n  s i n g l e -  
s t a t i o n  s h o r t - a r c  o r b i t a l  s o l u t i o n s  u s i n g  t h e  A/OMEGA d a t a  reducT-  
i o n  program? The range p r e c i s i o n  taras e s t i m a t e d  t o  l i e  betweell  one 
and two meters?e4 The r a d a r  range d a t a  was f u r t h e r  v a l i d a t e d  in 
long a r c  o r b i t a l  s o l u t i o n s  where bo th  t iming  e r r o r s  and range b i a s e s  
were recovered  from some r a d a r  d a t a .  See Table 1. The laser d a t a  
was ob t a ined  from t h e  NGSP Data Cen te r .  
3 .  SYSTEMS AND MODELS 
The i n s t r u m e n t a t i o n  t h a t  s u p p l i e d  range d a t a  used i n  t h i s  report 
a r e  shown i n  Table  2 and t h e  g e o d e t i c  datum in fo rma t ion  f o r  t h e s e  
s t a t i o n s  i s  found i n  Table 3 .  
The d a t a  was reduced u s i n g  t h e  fo l l owing  models and d a t a  r e -  
s t r i c t i o n s :  
1 )  S t a t i o n  c o o r d i n a t e s  SAO C-6 datum 
A, = 6378155  meters  
2 )  Grav i ty  model - SAO g r a v i t y  model p r e s e n t e d  a t  1 9 6 9  
F a l l  AGU meet ing.  
3) Data r a t e  - one o b s e r v a t i o n  every  25 seconds 
4 )  Data type - range d a t a  where e l e v a t i o n  was g r e a t e r  
t han  t e n  degrees  
5 )  Timing - UTC t ime was c o r r e c t e d  t o  U T l  t ime i n  AIBMEGA 
o r b i t  de t e rmina t i on  program 
4 .  STATION POSITION ESTIMATES 
The Wallops I s l a n d  AN/FPQ-6 r a d a r ,  NWALI3, was chosen as t h e  
o r i g i n  f o r  t h e  C-Band r a d a r  datum. I t  was decided t o  f i x  t h e  
NWALI3 s t a t i o n  p o s i t i o n  f o r  s e v e r a l  r e a sons .  

TABLE 2 
INSTRUMENTATION 
STATION 
NAME NUMBER 
ETRPRE 4050 
ETRANT 4061 
ETRAS8 4080 
ETRGRT 4081 
ETRMRT 4082 
NELHAR 4690 
NTANAN 4741 
WTRKAU 4742 
NWAL I3 4860 
GODLAS 7052 
CRMLAS 7054 
Pretoria, South Africa 
Antigua, BWI 
Ascension Island 
Grand Turk, BWI 
Merritt Island, Florida 
Ely, Nevada 
Bermuda 
Tananarive, Malagasy Rep 
Kauai, Hawaii 
Wallops Island, Virginia 
Woomera, Australia 
Greenbelt, Maryland 
Carnarvon, Australia 
INSTRUMENTATION 
FPS-86 
FPQ-6 
TPQ-18 
TPQ-18 
TPQ-18 
HI$ I R 
FPS-3.6 
FPS-16 
FPS-16 
FPQ-6 
FPS-96 
LASER 
LASER 

- 
e4 
'd- 
I) We are most familiar with its data 
2) We are confident of its accuracy 
3 )  I t s  timing system is well documented 
4 It is located on the North American Datum 
5) It is easily transformed to the SAO C-6 Datum 
J h e r e f s r e  NWAEI3 was used as reference and all the range measure- 
~ T ~ e n t s  Nere weighted one meter. Assuming the uncertainty in 
< $ ,  A ,  h]  o f  all station except NWALI3 to be 10 seconds in lati- 
tude and longitude, and 10 meters in geodetic height, the data was 
red~nced u s i n g  the multi-station multi-arc mode of A/OI\IIEGA to estimate 
t k e  geodetic location parameters. A sample geometry plot of 
;tation KBER34 is shown in Figure 2. This is an indication of 
the geo~etrical strength of the experiment. Table 4 shows the re- 
sults obtained thus far in estimating the station position of 
s e l e c t e d  instrumentation referenced to a C-Band oriented datum. 
7, 6NTERSITE DISTANCE ESTIMATES 
To further evaluate the radar ranging capabilities, intersite 
i!iseances were estimated using range data from only two sites per 
; o l d t i o n ,  In each solution, one site's geodetic coordinates are 
he12 fixed while the other station is allowed to adjust. These 
:-;Jar solutions for intersite distances are then compared with ex 
E s t i n g  transcontinential ''Classical Geodesy'3urveys? 
To aate, solutions have been made for the stations shown in 
b a l e  5, 
6 SUMMARY 
- 
The recoveries of C-Band station coordinates and intersite 
distances to date are very encouraging, considering the geometrical 
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strength and the consistency of the orbital solutions. Studies 
at Wallops Station are progressing rapidly toward the calibration 
and station estimations of additional participating C-Rand radars. 
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